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PREFACE 


AMIDb all the current interest in modern algebra, field theory 
has been rather neglected—most of the recent textbooks 
in algebra have been concerned with groups or vector 
spaces. But field theory is a very attractive branch of 
algebra, with many fascinating applications; and its central 
result, the Fundamental Theorem of Galois Theory, is 
by any standards one of the really “big” theorems of 
mathematics. This book aims to bring the reader from 
the basic definitions to important results and to introduce 
him to the spirit and some of the techniques of abstract 
algebra. It presupposes only a little knowledge of element- 
ary group theory and a willingness on the reader’s part to 
remember definitions precisely and to engage in close 
argument. 

Chapter 1 develops ab initio the elementary properties 
of rings, fields and vector spaces. Chapter 2 describes 
extensions of fields and various ways of classifying them. 
In Chapter 3 we give an exposition of the Galois theory 
of normal separable extensions of finite degree, closely 
following Artin’s approach. Chapter 4 provides a wide 
variety of applications of the preceding theory, including 
the classification of all fields witha finite number of elements, 
ruler-and-compasses constructions and the impossibility of 
solving by radicals the generic polynomial of degree greater 
than 4. 

I had the great good fortune to persuade my colleague 
Dr Hamish Anderson to read the first draft of this book, 
and as a result of his careful scrutiny and penetrating 
comments many blemishes were removed; I am deeply 
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grateful to him for his invaluable help. In preparing the 
book for the press I have had the assistance of Dr Joan 
Aldous, Mr William Blackburn and Mr Brian Kennedy, 
and I gratefully acknowledge this here. It is a pleasure 
also to record my great gratitude to Professor D. E. 
Rutherford, whose lectures on groups first aroused my 
interest in algebra, for his constant encouragement and 
help at all stages in the preparation of the book. Finally 
I must not forget to thank several generations of honours 
students in The Queen’s University of Belfast and Queen’s 
College, Dundee who patiently listened to and commented 
on the successive lecture courses which eventually turned 
into this book; one of them in particular, in a spontaneous 
exclamation, provided me with an appropriate conclusion 
to Chapter 4. 


IAIN Τὶ ADAMSON 


DUNDEE 
August 1964 
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CHAPTER | 


ELEMENTARY DEFINITIONS 


81, Rings and fields. Modern algebra, of which field 
theory is a part, may be very roughly described as the study 
of sets equipped with laws of composition. To amplify this 
description we make the following definition: a law of 
composition on a set E is an operation which assigns to 
every ordered pair (a, 6) of elements of £ a definite element 
of E which may be denoted by a+, in which case it is 
called the sum of @ and 6 and the operation is called 
addition, or alternatively by axb or α΄. ὃ or simply ab, 
in which case it is called the product of a and b and the 
operation is called multiplication. Quite clearly ordinary 
addition and multiplication of real numbers are laws of 
composition on the set of real numbers R. 

When we wish to discuss laws of composition in general, 
we use a “ neutral”? symbol, such as ao b, to denote the 
result of applying the law of composition to the ordered 
pair (a, δ). With this notation we make some further 
definitions. A law of composition on a set Ε is said to be 
associative if for every three elements a, b, c of Ε we have 
ao(boc) =(aob)oc; it is said to be commutative if for 
every pair of elements a, b of E we have aob= boa. 
If for any two elements c, ὦ of E we have cod=doc 
then c and d are said to commute. An element n of E is 
called a neutral element for the law of composition if 
noa=a=aon for every element a of E; if the additive 
notation is used, a neutral element is called a zero element 
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and is usually denoted by 0, and if the multiplicative 
notation is used, a neutral element is called an identity 
element and is denoted by e or 1. If ais an element of £, 
an inverse of a relative to a law of composition for which 
there is a neutral element n is an element a’ of E such that 
aoa’ =n=a'oa; when the additive or multiplicative 
notations are used we write —a or αὖ respectively instead 
ofa’. Ordinary addition and multiplication of real numbers 
are both associative and commutative; the real numbers 
0 and | are neutral elements for addition and multiplication 
respectively; every real number has an inverse relative to 
addition and every real number except 0 has an inverse 
relative to multiplication. Addition and multiplication of 
real numbers have a further property: for every three real 
numbers a, δ, c we have 


a(b+c) = ab+ac and (b+c)a = ba+ca. 


We say that the multiplication is distributive with respect 
to the addition. 

Readers of this book will require to have some familiarity 
with the elementary theory of groups, as contained, for 
example, in Ledermann’s Jntroduction to the Theory of 
Finite Groups; we shall refer to this book as L.F.G. We 
recall here that a group is a set G equipped with an 
associative law of composition such that 


(1) there is a neutral element for the law of composition; 


(2) every element has an inverse relative to the law of 
composition. 


It is unnecessary to state explicitly the “‘ closure ’ property, 
since it is built into our definition of a law of composition 
on G that the result of applying the law to a pair of elements 
of G is again an element of G. If the law of composition 
of a group is commutative, the group is said to be abelian. 


+ L.F.G., Definition 1. 
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A ring is a set R equipped with two laws of composition, 
which we shall call addition and multiplication, such that 
the following conditions are satisfied: 


Al. The addition is associative, i.e., for every three 
elements a, b, c of R we have a+(b+c) = (a+b)+e. 


A2. The addition is commutative, i.e., for every pair 
of elements a, b of R we have a+b = b+a. 


A3. There is a neutral element for the addition, i.€., 
an element, which we call zero and denote by 0, such that 
for every element a of Καὶ we have a+0 = a = 0 Ἐπ. 


Ad. Every element a of R has an inverse relative to 
the addition, i.e., an element which we denote by —a 
such that a+(—a) = 0 = (—a)+a. 


Ml. The multiplication is associative, i.e., for every 
three elements a, b, c of R we have a(bc) = (ab)c. 


AM. The multiplication is distributive with respect to 
the addition, i.e., for every three elements a, b, c of R 
we have a(b+c) = ab+-ac and (b+c)a = ba+ca. 


A ring R is called a commutative ring if, in addition 
to the defining properties of a ring, it satisfies the further 
condition: 

M2. The multiplication is commutative, i.e., for every 
pair of elements a, b of R we have ab = ba. 

A ring R is called a ring with identity if it satisfies the 
conditions Al, A2, A3, Α4, ΜΙ, AM and the further 
condition: 

M3. There is a neutral element for the multiplication, 


i.e., an element e, which we call the identity of R, such 
that for every element a of R we have ea = a = ae. 


Finally, a commutative ring with identity is called a 
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field if it contains at least two elements and satisfies all 
the conditions listed so far, together with the following: 


M4. Every non-zero element a of R has an inverse 
relative to the multiplication, i.e, an element αὐ such 
that aa! =e = a™'a. 


A field F is said to be finite or infinite according as 
the number of elements of F is finite or infinite. 


Example 1. The most familiar example of a ring is 
the set of ordinary integers (positive, negative and zero) 
equipped with their ordinary operations of addition and 
multiplication; we shall always denote this ring by Z. It 
is a commutative ring with identity (the number 1 is clearly 
the identity), but not a field—indeed the only integers with 
multiplicative inverses in Z are 1 itself and —1. 


Example 2. The sets of rational numbers, real numbers 
and complex numbers, with the ordinary definitions of 
addition and multiplication, are easily seen to satisfy all 
the conditions for fields. We denote these fields respectively 
by Q, R and C. 


Example 3. \f Ris any ring and n is any positive integer, 
then the set of nx matrices with elements in R, equipped 
with ordinary matrix addition and multiplication, is a ring 
which we denote by M,(R).t+ The ring ,,(R) is in general 
not commutative; it has an identity if R does. 


Example 4. Let m be any positive integer greater than 
1; if a and b are integers such that a—b is divisible by m 
we say that a is congruent to b modulo m, and we write 
a = bmod.m. The residue class of an integer a modulo m 
is the set of all integers congruent to a modulo m; it is 
clear that there are exactly m distinct residue classes, since 
every integer is congruent modulo m to precisely one of 
the integers 0, 1, ..., m—1. We denote the set of residue 


+ See Aitken, Determinants and Matrices, Chapter 1. 
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classes modulo m by Z,, and we proceed to turn it into a 
ring by defining appropriate operations of addition and 
multiplication. Let C, and C, be any two residue classes; 
choose any integer a, from C, and any integer a, from C); 
we define C,+C, and C,C, to be the residue classes of 
αι Ἐα and a,a, respectively. At first sight it appears 
that these residue classes may depend upon the choice of 
a, and a,, but we shall show that this is not in fact so. 
Namely, if b,, θὰ are integers in the residue classes C,, C2 
respectively, then a, = b, and a, = b2 mod. m, and so there 
are integers k, and k, such that a, =6,+k,m and 
a, = b,+k.m. It follows that a, +a, = b,+b,+(k,+k2)m 
and @,4, = b,b,+(k,b.+k,b,+k,k,m)m; so we have 
a, +a, =b,+b, mod. m and a,a, = b,b, mod. m. Thus 
a,+a, and b; +b, belong to the same residue class modulo 
mand so do a,a, and b,b,. Hence C, + C, and C,C, depend 
only upon C, and C, and not upon the choices involved 
in their definition. 

It is easy to verify that with these laws of composition 
Z,, is a commutative ring with identity; the zero and 
identity elements O and E are the residue classes contain- 
ing the integers 0 and 1 respectively, and the additive 
inverse of the residue class containing a is the residue class 
containing —a, 

We say that an integer is relatively prime to m if it has 
no factor in common with m except 1 and —1. It is clear 
that if one integer in a residue class C modulo m is relatively 
prime to m then so are all the integers in C; in this case 
we say that C is a relatively prime residue class. Let R,, 
be the set of relatively prime residue classes modulo m. 
We shall now show that a residue class modulo m has a 
multiplicative inverse in Z,, if and only if it belongs to R,,. 
_ Suppose first that the residue class C has a multiplicative 
inverse C’ in Z,,; then CC’ = Ε, and so, if a and a’ are 
integers in C and C’ respectively, we have aa’ = 1 mod. m. 
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Thus there is an integer Ak such that aa’ +km=1. It 
follows that if r is any common factor of a and m then r 
is a factor of aa’+km = 1; hence r is either 1 or --ἰ. 
So if C has a multiplicative inverse in Z,,, C belongs to 
R,,-_ We note incidentally that since C’ also has an inverse 
in Z,, (C is the inverse of C’), C’ also belongs to R,,,. 

Conversely, suppose that C belongs to R,,; we shall 
show that C has a multiplicative inverse in Z,,. To this 
end we choose an integer a from C; then a is relatively 
prime to m. We now consider the set of positive integers 
which can be expressed in the form xa+ym where x and 
y are integers. This set is clearly non-empty and hence 
contains a least element, d = xpa+ygm say. Dividing a 
by d we obtain integers g, r such that a = gd+r, 0OSr<d; 
from this it follows that 


r= 4—G(Xya+yom) = (1—qxo)a+(—Gyo)m. 

If r were non-zero this would contradict our choice of d 
as the least positive integer of the form xa+ym; hence 
r = 0 and ὦ isa factor of a. An exactly similar argument 
shows that d is a factor of m. Thus d is a positive common 
factor of a and m and so d= 1. We have now shown 
that there exist integers x9 and yp such that xpa+yom = I, 
whence x,@ = 1 mod. m. Hence if C’ is the residue class 
of x,» modulo m we have CC’ = E; that is to say, C’ 15 
a multiplicative inverse of C. 

Since the product of two integers relatively prime to 
m is also relatively prime to m it follows that the product 
of two residue classes in R,, is also in R,,; thus the multipli- 
cation in Z,, is an associative law of composition on R,,. 
The identity residue class E belongs to R,, and the preceding 
arguments show that every residue class in R,, has a 
multiplicative inverse which is also in R,,. It follows that 
R,,, equipped with the multiplication operation of Z,,, is 
an abelian group. 


Example 5. Let p be a prime number and form the 
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ring Ζ, according to the procedure described in Example 4; 
we claim that Z, is a field. Since we have already proved 
that Z, is a commutative ring with identity, the only 
property which remains to be established is M4. But this 
follows at once from our discussion in Example 4 since 
every non-zero residue class modulo p is relatively prime. 


§ 2. Elementary properties. We notice that conditions 
ΑἹ to A4 can be summed up by saying that the set of 
elements of a ring R, equipped only with the addition 
operation, forms an abelian group. This group is called 
the additive group of the ring and is denoted by Κ΄. 

It is easy to show that the zero element 0 of R and 
the additive inverse —a of each element a of R are unique. 
Suppose first that 0 and 0’ are zero elements. Then 
0+0' = 0 (since 0’ is a zero element) and 0+0' = 0’ 
(since 0 is a zero element); hence 0 = 0’. Next suppose 
—a and a’ are additive inverses of a. Then we have 
(α΄ +a)+(—a) = 0+(—a) = —a (since a’ is an inverse) 
and (a'+a)+(—a) = a'+(a+(—a)) Ξε α' +0 =a’ (since 
the addition is associative and —a is an inverse); hence 
α' = —a. It now follows at once that for every element a 
of R we have —(—a) = a; for both these elements are 
additive inverses of —a. 

The existence of an additive inverse for every element 
in a ring implies that in a ring subtraction is always possible. 
For the problem of subtracting an element ὃ from an 
element a can be reformulated as the problem of finding 
an element x such that a = x+5; and clearly x = a+(—)) 
satisfies this requirement, since 


(a+(—b))+b = a+((—b)+6) = at+0 =a. 
We usually abbreviate a+(—5b) toa—b. Since the addition 
operation ina ring is commutative, we have a —b = (-- b) +a. 
Although the zero element of a ring is originally singled 
out for special attention by virtue of its additive property, 
B 
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the distributive condition AM implies that it also enjoys 
the multiplicative property which we are accustomed to 
associate with the real number zero—namely, that if one 
of the factors in a product is zero then the product is zero. 
So let a be any element of R; we shall prove that a0 = 0. 
Since 0 is a neutral element for addition, we have 0+0 = 0 
and hence a(0+0)= a0. Using AM we deduce that 
a0+a0 = a0. Now, by A4, αὖ has an additive inverse 
—(a0); adding —(a0) to both sides, we obtain 


—(a0)+(a0+a0) = —(a0)+a0 = 0. 


Applying the associative condition Al on the left side, we 
have (—(a0)+-a0)+a0 = 0, whence 0+ a0 = 0, i.e., αὖ = 0 
as we claimed. Similarly we may show that 0a = 0 for 
every element a of R. It follows that in a field the zero 
and identity elements 0 and e are distinct; for if a is a 
non-zero element we have a0 = 0, but ae = a. 

Rather similar arguments can be used to prove that if a 
and ὃ are any two elements of a ring Καὶ then αἱ -- δ) = —(ab), 
(—a)b = —(ab) and (—a)(—b) = ab. For example, to 
establish the first of these, we notice that b+(—54) = 0 
and hence a(b+(—b)) = a0. Thus, by AM and what we 
have just proved, ab+a(—b) = 0; so αἱ -- δ) is an additive 
inverse of ab. But —(ab) is the unique additive inverse of 
ab; hence a(—b) = —(ab). The other results are obtained 
by analogous arguments. 

We have shown for every ring R that if one of the 
factors in a product of elements of R is zero then the 
product is zero. The converse of this result is not true 
in general; for example, in the ring M,(C) of 2 x 2 matrices 
with complex elements, we have 


pee ae 


The converse is true, however, in the case of fields. For, 
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suppose a and b are elements of a field F such that ab = 0; 
we shall show that cither a = Ὁ or ὃ = 0—in other words, 
that if a is non-zero then 6 = 0. If a is non-zero, then it 
has a multiplicative inverse a~'. Multiplying by a~* we 
obtain a~'(ab) = a~*0, and hence, by M1, 


b = eb = (a~'a)b = a (ab) =a  - 0. 


This discussion shows that the product of two non-zero 
elements of a field is non-zero. Hence in a field the 
multiplication operation is a law of composition on the 
set of non-zero elements. Conditions M1, M2, M3 and 
M4 now imply that the set of non-zero elements of a 
field F, equipped only with the multiplication operation, 
forms an abelian group. We call this group the multi- 
plicative group of the field F and denote it by F*. By 
arguments similar to those used in the additive group we 
can easily establish that the identity element e and the 
multiplicative inverse of each non-zero element of a field F 
are unique, and that, for every non-zero element a of F, 
(a~*)"* = a. 

Finally, in a field F, division (except by the zero element) 
is always possible. To divide an element a by a non-zero 
element ἢ we must find an element x such that a = xb; 
x = ab~* clearly satisfies this requirement. Since the 
multiplication operation in a field is commutative, we have 
ab~! = μα. We frequently use the “ fraction ” notation 
a/b instead of ab~’. 

Let F be any field. We now define an operation which 
assigns to each integer and each element a of F an element 
of F which we denote by na. We make the definition 
inductively by setting 


(i) Oa = 0; 
(ii) (Κ- 1)α = ka+a for all integers k 20; 
(iii) (—k)a = —(ka) for all integers k>0. 
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We call the elements ma the integral multiples of a. It can 
be shown by mathematical induction that for all integers 
m,n and all elements a, b of F we have 


(m+n)a = ma+na, m(a+b) = ma+mb, 
(mn)a = m(na), (ma)(nb) = (mn) (ab). 


We now consider the integral multiples of the identity e 
of a field F. We examine in particular the set of integers n 
such that me = 0; we denote this set by A and call it the 
annihilator of e. Two cases can arise. 


Case 1. The annihilator consists of the integer 0 alone. 
In this case we say that the field F has characteristic zero 
and we note that if m is a non-zero integer and a is a non- 
zero element of F then na = n(ea) = (ne)(la) is non-zero. 


Case 2. The annihilator contains at least one non-zero 
integer. It follows at once that it contains at least one 
positive integer; for, if a is in A, then ae = 0, whence 
(—a)e = —(ae) = 0, and so —a is in A also; but, if a 
is non-zero, one of the integers a and —a is positive. Let 


p be the least positive integer in A. We shall show that p 


is a prime number and that A consists precisely of the 
multiples of p. 

First, suppose p is not a prime number, so that p can 
be expressed in the form p = ab where 1<a, b<p. Then 
we have 0 = pe = (ab)e = (ae)(be), whence either ae = 0 
or be = 0. But this contradicts the choice of p as the 
least positive integer in A, and hence p is a prime number. 

Next, it is clear that all the multiples of p belong to A 
since for every integer n we have (np)e = n(pe) = nO = 0. 
Conversely, suppose k belongs to A. Then if g is the 
quotient and r the remainder when &k is divided by p we 
have k = gp+randO0<r<p. Hence 


0 = ke = (qpt+rje = (qp)e+re = re, 
so that r belongs to A. If r were non-zero this would 
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again contradict the choice of p as the least positive integer 
in A: hence r = 0 and k is a multiple of p. 

In this case we say that the field F has characteristic p, 
and we notice that if k is any multiple of p and a is any 
element of F then ka = 0, 


Let S be a subset of a ring R. If a and ἢ are any two 
elements of S their sum and product a+b and ab are 
certainly elements of R because the addition and multi- 
plication are laws of composition on RK. It may happen, 
however, that for every pair of elements a, b of S the sum 
and product actually belong to S itself. In this case we 
can regard the addition and multiplication as laws of 
composition on the subset S, and it then makes sense to 
enquire whether S, equipped with these laws of composition, 
is a ring or even a field; if so, we say that S is a subring 
or subfield of R. We remark that in examining whether 
S is a subring or a subfield of R we need not concern 
ourselves with the “ formal * conditions Al, A2, M1 and 
AM—these will be satisfied automatically since the laws 
of composition on R already satisfy them; this is true 
also of M2 if R is commutative. 

To show that a subset F of a field K is a subfield it is 
thus sufficient to verify that 


(1) for every pair of elements a, b of F, a+6 and ab 
belong to F; 


(2) for every element a of F, —a belongs to F; 
(3) for every non-zero element a of F, a~' belongs to F. 


This is clear because (1) and (2) together imply that 
a+(—a) = 0 belongs to F and (1) and (3) similarly imply 
that aa~' = e belongs to F. 

Clearly every field K has at least one subfield—namely 
K itself. A field which contains no subfield except itself 
is called a prime field. 
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Example 1. The field of rational numbers Q is a prime 
field. Suppose F is any subfield of Q. Let a be any non- 
zero element of F; since F is a subfield of Q it contains 
the inverse of a, and hence the product aa~* = 1. It now 
follows that F contains all the integers, and hence the 
inverses of all the non-zero integers; but this implies that 
F contains every rational number p/g = ρα. Hence 
F = ὦ and so Q is a prime field. 


Example 2. For every prime number p, the field Z, 

is a prime field. It is easy to convince oneself that if F 
is a subfield of Z, then the additive group F* of F is a 
subgroup of the additive group Z> of Z,. Now Z> is a 
group of prime order p and hence has no subgroups except 
itself and the subgroup consisting of the zero element 
alone.t Hence F = Z, and so Z, is a prime field. (A 
subfield F cannot consist of the zero element alone, since, 
by definition, a field contains at least two elements.) 


In the next section we shall show that in a certain 
sense there are no prime fields other than the ones we 
have just described. 

We conclude the present section by proving that every 
field contains a prime field. Let K be any field and consider 
the subset P of K consisting of those elements which are 
common to all the subfields of K. If @ and b are any 
elements of P then a and b belong to every subfield L of Καὶ, 
and so it follows that a+5, ab, —a and a™' (if a is non- 
zero) also belong to every subfield L and hence to P itself. 
This shows that P is a subfield of K; according to the 
definition of P every subfield of K contains P. From this 
we deduce that P is a prime field. For if F is any subfield 
of P it is also a subfield of K and hence contains P; since 
F both contains and is contained in P it follows that F = P, 
and so P has no subfield except itself. We call P the prime 
subfield of K. 

T L.F.G., § 12, Corollary 2. 
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§ 3. Homomorphisms. Let A and B be any two sets. A 
mapping of A into B is an operation ᾧ which assigns to 
each element a of A a well-determined element of B which 
we denote by ¢(a) and call the image of a under ¢. If 
A, is any subset of A the subset of B consisting of the 
images under @ of all the elements of A, is called the 
image of A, under ᾧ and is denoted by ¢(A,); if ¢(A) = Β 
—in other words, if every element in B is the image under 
ᾧ of at least one element of A—we say that ᾧ maps A 
onto B. A mapping ¢ is said to be one-to-one or (1, 1) if 
distinct elements of A always have distinct images under 
φ: thus ᾧ is one-to-one if, whenever we have ¢(a,) = (42), 
we can conclude that a, = a). If @ is a mapping of A 
into B we sometimes write ¢:4->B or A>B. Two 
mappings @, and ¢, of A into B are said to be equal if 
for each element a of A the images of a under @, and φ) 
are equal; thatis tosay,¢, = ᾧ: ifand only if ¢,(a) =.¢2(4) 
for every element a of A. 

Now let R, and R, be rings and let ᾧ be a mapping 
of R, into R,. If we are given two elements a and ὁ of 
Κι two procedures naturally suggest themselves. First, 
we may form the sum and product of these elements in 
R, and then apply the mapping ᾧ to the results; we 
obtain the elements ¢(a+ 5) and ¢(ab) in R,. Alternatively, 
we may apply φ to a and ὃ and then form the sum and 
product of the images ¢(a@) and φ(δ) in Rj; we obtain 
~(a)+9(b) and ¢(a)p(b). For an arbitrary mapping ¢ 
there is no reason to suppose that these procedures will 
lead to the same destinations; mappings for which they 
do are called homomorphisms. That is to say, a homo- 
morphism of a ring R, into a ring R, is a mapping ¢ of 
R, into R, such that, for every pair of elements a, b of Κι, 
we have 


P(a+b) = $(a)+9(b) and (ab) = φ(α)φ(). 


A homomorphism which maps R, onto R, is called an 
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epimorphism; a homomorphism which is one-to-one is 
called a monomorphism; a homomorphism which is both 
an epimorphism and a monomorphism is called an iso- 
morphism. If there is an isomorphism of a ring R, onto 
a ring R, we say that R, and R, are isomorphic. If 
R, = R, = R, say, an isomorphism of R onto R is called 
an automorphism of ἢ. 

Readers without a classical background may find the 
last paragraph a little overwhelming and may welcome a 
brief comment on the derivation of the terms introduced 
there. The “morphism” part common to them all is 
derived from the Greek μορφή (morphe), meaning “ form ἢ 
or“ Structure ἢ; the prefixes ‘“* homo- "ἢ, “ epi-”’, ““ mono- ἢ, 
ye iso- ” and “ auto- " are English versions of Greek words 
meaning “similar”, “onto”, “single”, “equal” and 

self’’ respectively. We notice in particular that, in a 
sense made quite precise above, isomorphic rings have 
“equal structure’; they differ only in the nature of their 
elements and for many purposes may be regarded as 
“ essentially the same ”’. 

The terminology introduced above is also used for 
mappings of one group into another. Thus, if G, and G, 
are groups in which the laws of composition are written 
multiplicatively, a homomorphism of G, into G, is a 
mapping ᾧ of G, into G, such that (ab) = $(a)¢(b) for 
every pair of elements a, b of G,. The other terms are 
used in an obvious way. 


Example 1. If R, and R, are any rings, then the mapping 
ζ of Καὶ into R, which assigns to every element of R, the 
zero element of R, is a homomorphism of R, into Κα: 
we Call it the zero homomorphism. If R, does not consist 
of the zero element alone ζ is not a monomorphism; if 
R, does not consist of the zero element alone ζ is not 
an epimorphism. 


Example 2. If R is any ring and δ is the mapping of R 
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into itself defined by setting e(x) = x for all elements x 
of R, then ¢ is an automorphism of R; we call it the 
identity automorphism. 


Example 3. If R,; = Zand R, = Z,, for some positive 
integer m, m>1, then the mapping which assigns to every 
integer in Z its residue class modulo m (see Example 4 in 
§ 1) is an epimorphism of Z onto Z,,. This mapping is 
clearly not a monomorphism, since any two integers which 
are congruent modulo m are mapped onto the same 
element of Z,,. 


Example 4. If R,; = Zand R, = Q, then the mapping 
which assigns to each integer m the rational number n/1 
is a monomorphism of Z into Q, which is obviously not 
an epimorphism. 

Example 5. If R, = Κὶὶ, = C, then the mapping which 
assigns to every complex number a+bi the conjugate 
complex number a—bi is an automorphism of C. 

It is easy to see that if ᾧ is a homomorphism of a 
ring R,, with zero element 0,, into a ring R,, with zero 
element 0,, then @(0,) = 03. In fact, if a, is any element 
of #(R,), then there is an element a, of R, such that 
a, = (a,) and we have 
$(0,)+a, = $(0,)+4(a,) = (0; +4,) 

= @(a;) = a, = 02+4, 
from which the desired result follows. Further, if 
a, = (a,), we have —a, = ¢(—a,) because 


a,+o(—a,) = $(4,)+¢(—4,) 
= φία, +(—4a,)) = φίθ.) = 02. 


Similar arguments show that if @ is a non-zero homo- 
morphism of a field F,, with identity e,, into a field ἢ, 
with identity e,, then φίδι.) = e, and if a, = $(a,) is 
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non-zero, then ay'= ¢(az'). It follows that if @ is a 
non-zero homomorphism of a field F, into a field F, then 
@(F;) is a subfield of F,. 

In the preceding paragraph we used different symbols 
(0, and 02) for the zero elements of the rings R, and R. 
From now on we shall use the same symbol 0 indiscriminately 
for the zero element of every ring. This should not give 
rise to any confusion, since the context will usually make 
it quite clear to what ring an element denoted by 0 is 
supposed to belong. For example, if ¢ is a homomorphism 
of R, into R, and we write ¢(0) = 0, it is plain that the 
element denoted by 0 on the left is the zero element of 
R, (since ¢(a) is defined only for elements a in R,) and 
that the element denoted by 0 on the right is the zero 
element of R, (since it is an image under φ). 

The kernel of a homomorphism ᾧ of a ring R, into a 
ring R, is the set of elements of R, mapped by ¢ onto the 
zero element of R,. As we have seen, the zero element of 
R, always belongs to the kernel of ¢; our first theorem 
shows that if R, is a field and @ is not the zero homo- 
morphism ¢ then the kernel of ¢ contains no other element 
of R,. 


THEOREM 3.1. A homomorphism of a field into any ring 
is either the zero homomorphism or else a monomorphism. 


Proof. Let ¢ be a homomorphism of a field F into a 
ring R and suppose that ¢ is not a monomorphism; we 
shall prove that ᾧ must be the zero homomorphism. 

Since ᾧ is not one-to-one there must be two distinct 
elements a, ὃ of F such that ¢(a) = $(b); set k = a—b. 
Then we have 


Pk) = $(a+(—b)) = O(a) +9(—b) = φ(ὼ -- φ(δ) = 0. 


Further, since a and ὁ are distinct, k is non-zero and 
hence has a multiplicative inverse Κ΄. Thus if x is any 
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element of F we may write x = k(k~'x) and so 

h(x) = b(k(k~*x)) = o()b(K- 1x) = οφίκ ᾽ν) = 0. 
Hence ¢ is the zero homomorphism as required. 


We hinted in § 2 that the examples of prime fields which 
we gave there—the rational number field Q and the fields 
Z,—are essentially the only prime fields. We now make 
this statement quite precise. 


THEOREM 3.2. The prime subfield of a field of character- 
istic zero is isomorphic to the field of rational numbers Q. 
The prime subfield of a field of non-zero characteristic p is 
isomorphic to the field Z,,. 


Proof. (1) Let F be a field of characteristic zero with 
identity e and prime subfield P. Since P 1s a subfield of 
F it contains e; it then contains also the integral multiples 
me of e, none of which is zero except Oe; it follows that it 
contains the multiplicative inverses (ne)~* for all non-zero 
integers n. Thus P contains all the elements of F of the 
form (me)(ne)~' where m and n are integers and 7 is non- 
zero. But the subset of F consisting of all elements of 
this form is a subfield of F: to see this we have only to 
verify that 


(m,e)(nye)~* +(mze)(nz,¢)~* = (mynz +myn,)e)(myn2€)*; 
(m,e)(n,e)~! . (mae)(n2e)7* = (mymze)(nyn2e)~", 
—(me)(ne)~* = ((—m)e)(ne)~*, 
((me)(ne)~!)~! = (ne)(me)~* whenever m#0. 
It follows that P is made up precisely of the elements of 
this form. It is now a purely routine matter to verify that 
the mapping ¢ of Q into P given by $(n/n) = (me)(ne)~ 
is an isomorphism. 14) 
(2) Let now F be a field of non-zero characteristic p 
With identity e and prime subfield P. Then P contains 
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the p distinct integral multiples of δ: Oe = 0, le = e, 26, 
ἐνὸν (p— le. 

Let Co, Cj, ..., C,-, be the residue classes of 0, |, ..., 
p—1 modulo p; these are, of course, the elements of the 
field Z,. Define the mapping ¢ of Z, into F by setting 
9(C,,) = me (μι = 0, 1, ..., p—1). Then @ is a homo- 
morphism. For, let C, and C, be elements of Z, (OSk, 
l<p); set k+/ =qp+r (OSr<p); then C,+C,=C, 
and we have 
P(C.)+9(C,) = ke+le = (k+/)e = re 

= φ(ῷ = 9(C,+C)). 
A similar argument shows that $(C,)¢(C,) = $(C,C,). 

Since @ is clearly not the zero homomorphism it is a 
monomorphism of Z, onto the set of integral multiples 
of e, which is therefore a subfield of F. It follows that P 
consists precisely of the integral multiples of δ; @ is then 
an isomorphism of Z, onto P. 

COROLLARY. Finite fields have non-zero characteristics. 


Proof. Let F be a finite field, P its prime field. If F 


has characteristic zero, then P is isomorphic to Q and 
hence is an infinite field. But there is no room for an 
infinite subfield in a finite field. 

We conclude this section by introducing an interesting 
and important mapping of fields of non-zero characteristic. 


THEOREM 3.3. Let F be a field of non-zero characteristic 
p. Then the mapping π of F into itself defined by setting 
n(x) = x? for all elements x of F is a monomorphism. 

Proof. Let aand b be any two elements of F. According 
to the binomial theorem (which is valid in any field since 
the multiplication operation is commutative), 


n(a+b) = (a+b)? = αν Ὁ y Ca? *b* +. b?, 
O<k<p 


where ,C, is the (ordinary integer) binomial coefficient. 
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Suppose 0<k<p. Then none of the integers |, 2, tess k 
is divisible by p and hence their product k! is not divisible 
by p; similarly (p—k)! is not divisible by p. It follows 
that οι = p!/k\(p—k)! is divisible by p and hence that 
cya? *b* = 0. Thus we have 


n(a+b) = a? +b? = x(a)+n(d). 
Of course, since multiplication in F is commutative, 
n(ab) = (ab)? = a?b? = n(a)n(d). 


Thus z is a homomorphism of F into F. Since 
n(e) = e? = e is non-zero, z is not the zero homomorphism 
and hence, by Theorem 3.1, π is a monomorphism as 
required. 


We remark that since z is a homomorphism we have 
n(a—b) = x(a)—72(b), ie. (@a—b)’ = a?—b? for all pairs of 
elements a, b in F. When p = 2 this appears to contradict 
the natural computation (@—b)* = a?—2ab+b? = a’ +b’, 
until we recall that in a field of characteristic 2 we have 
2h? = 0 and hence b? = —b*! : 

A simple inductive argument leads to the following 
useful consequence of Theorem 3.3. 


Coroiiary. Let F be a field of non-zero characteristic p. 
Then for every positive integer k the mapping πὰ of F into 
itself defined by setting m,(x) = x?" for all elements x of F 
is a monomorphism. 


$4. Vector spaces. We collect in this section a few very 
elementary results about vector spaces which we shall 
require in the sequel. Let F be a field; a vector space 
over F is a set V equipped with a law of composition 
which we shall call addition and an operation which assigns 
to every element x of F and every element x of V an element 


Γ. 
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of V which we denote by «x, such that the following 
conditions are satisfied: 


A. The elements of V form an abelian group under the 
addition operation; 


M. For all elements «, 8 of F and all elements x, y of V 
we have 


(a+f)x = ax+Px; 
a(x+y) = ox+ay; 
a(Bx) = (αβ)χ; 
ex = x (where e is the identity of F). 


We remark that two zero elements will occur in our 
discussions—the zero element of F and the zero element 
of V. We may denote them by Ὁ, and ὃν respectively 
when we want to emphasise which we are dealing with, 
but in fact there is little danger of confusion if we denote 
them both simply by 0, and we shall usually do this, 

First we note some elementary consequences of the 
definition of vector spaces. Let x be any element of V; 
then 0px = Oy. To prove this, we remark that 0,+0, = 0, 
and so Opx+Opx = (0, Ἐθρ)χ = Opx; adding —(Opx) to 
both sides we obtain the desired result. An equally simple 
argument shows that for every element « of F, «Oy = Oy. 
Finally we show that for every element ἃ in F and every 
element x in V we have (—a)x = —(ax) = a(—x). The 
a first of these results follows when we notice that 


ax+(—a)x = (4+(—a))x = Opx = ὃν 
and the second from the similar result that 
ax+a(—x) = a(x+(—x)) = «Oy = Op. 


If x,, ..., X, are elements of V, a linear combination of 
X 1, νει ἀκ With coefficients in F is an element of the form 
᾿ OX, +... +%X,, Where a, ..., ας are elements of F. 
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Let V be a vector space over a field F. A finite subset 
(x), .++) 44} Of V is said to be linearly dependent over F 
if there exist elements «,, ..., «, of F, not all zero, such that 

Xp +... +%x, = 0, 
Otherwise the subset is said to be linearly independent 
over F. Thus the subset {x,, ..., x,} of V is linearly in- 
dependent over F if the only linear combination of 4», ..., 
x, With coefficients in F which can be zero is that in which 
all the coefficients are zero; in other words, if the only 
relation of the form 


OX +... $+ HX, = Ὁ 


(with αι, ..., %, in F) which can hold is that in which 
αὶ =... =%=0. Itis an immediate consequence of the 
definition that a subset consisting of a single non-zero 
element x of V is linearly independent. For, suppose we 
had a relation ax = 0, with « non-zero; then « has a 
multiplicative inverse αὖ and we have 

x = ex = (47 !a)x = a '(ax) = α΄ Ὃ = 0, 


which is a contradiction. On the other hand, the subset 
consisting of the zero element of V alone is linearly 
dependent. An infinite subset of V is said to be linearly 
independent if all its finite subsets are independent. 

The dimension of a vector space V over F is the maximum 
number of linearly independent elements of V (over F). 
That is to say, if there exists an integer ἢ such that there 
is a linearly independent subset consisting of m elements 
of V, while every subset consisting of more than m elements 
of V is linearly dependent, then the dimension of V over F 
isn; if there is no such integer ἡ, 1.€., if there exist linearly 
independent subsets with arbitrarily many elements, then 
the dimension of V over F is infinite. We denote the 
dimension of V over F by dim, V. 

Our next theorem is an immediate consequence of the 
definition. 
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THEOREM 4.1. Jf a vector space V over F contains a 
linearly independent subset consisting of m elements, then 
dime V2m. 


A subset S of a vector space V over F is said to generate 
V over F or to be a generating system for V over F if every 
element of V can be expressed as a linear combination 
of a finite number of elements of S with coefficients in F; 
this expression is not required to be unique. A linearly 
independent generating system for V is called a basis for 
Vover F. If{x,, ...,X,}is a basis for V, then the expression 
of an element x of V as a linear combination of x,, ..., x, 
is unique. For, if we have 


LyX pee POX = X = βιχι t+... ἘβιΧ, 
it follows that 


(01 --βιυ χε +... τα, - βχ, = 0, 


and hence, since {x,, ..., X,} is linearly independent, all 
the coefficients «;—f; are zero (i = 1, ..., n), i.e., 


α, Ξε βι (i= 1, ..., 7). 

Before stating our next theorem we recall a well-known 
result from the theory of linear equations on which we 
make it depend: namely, a system of homogeneous linear 
equations in which there are more unknowns than equations 
has a non-trivial solution. We put this more formally, as 
follows. Let «;;(i= 1, ....m; j = 1, ..., m) be elements 
of a field F; then, if ἢ 1, there exist elements f,, ..., B, 
in F, not all zero, such that 


ἀμβι +... +%inB, = 0 (i Dy ase m).+ 


THEOREM 4,2. If avector space V over F has a generating 
system consisting of m elements, then dime VSm. 


Proof. Let {x,, ..., X,} be a generating system for V. 
+ Aitken, Determinants and Matrices, § 28. 
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We shall show that every subset of V containing more 
than m elements is linearly dependent. So let {,, .... Vu} 
(n>m) be any such subset. 

Since {x,, ..-, Xm} generates V, there exist elements «,, 
of F (i = 1, ...,m; j = 1, ..., 7) such that 


Yj = αιρὰ +... +OmjyXm Cy ΞΕ ον Ἦν 
Now if B,, ..-, 8, are any elements of F we have 
BV pte FBV = (αι4βὲ +s +B) 1 
Ἔν (Ont Bs + +e + nn) Xm 

But since n> m it follows from the result about homogeneous 
linear equations which we quoted above that there are 
elements f,, ..., 8, of F, not all zero, such that 

OB.» + Oph, = Ὁ (ἐ ΞΞ},....ὄ δὴ 
and hence such that 


Biyit---Bi¥n = Ὁ. 


Thus the subset {y,, ..., y,} is linearly dependent as we 
claimed. 


It follows at once from Theorems 4.1 and 4.2 that if 
we want to prove that a vector space V over a field F has 
dimension m over F, a useful way to proceed will be to 
establish that V has a basis consisting of m elements. For, 
by Theorem 4.1, the linear independence of the basis will 
show that dim; V=m, while, by Theorem 4.2, the fact 
that a basis generates V will yield the reversed inequality 
dimp V<m. Combining the two inequalities we shall, of 
course, obtain the result that dim, V = m. 


Example. Let F be any field; let V be the set of ordered 
m-tuples (a;, ..-; %m) of elements of F. We define an opera- 
tion of addition in V by setting 

(α,, wong On) +(B4, eeey Bn) rr (α, Ἔβι, beng Om + Bm) 
Cc 
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and an operation which assigns to each element « of F 
and every element («,, ..., %,) of V the element 


COs, ...» ἃ) = (Oley, .... Oty) 


of V. It is easily verified that, with these two operations, 
V is a vector space over ἢ. 

Let e; (i = 1, ..., m) be the element of V which has the 
identity element e of F in the ith place and the zero element 
of F in the remaining places. We claim that fe,, ..., δι} 
is a basis for V over F. First of all, it is clear that this 
subset generates V over F; for every element (a,, ..., %,) 
of V can be expressed in the form 


(064, +++) Om) ΞΞ Oy Cy Ἔ-... + On 


But the set fe,, ..., @,,} is also linearly independent; for if 
LO, +... ἘΔ δ, = (HZ, ...») Zp) iS the zero element (0, ..., 0) 
of V, then all the coefficients «; must be zero (i = 1, ..., m). 
Hence {e,, ..-, @,} is a basis for V over F and so 
dim, V = m. 


THEOREM 4.3, Let V be a vector space of finite dimension 
m over a field F, Then (1) every linearly independent subset 
of V consisting of m elements is a basis for V over F, and 
(2) every generating system for V over F consisting of m 
elements is a basis for V over F. 


Proof. (1) Let {x,, ..., x,,} be a linearly independent 
subset of V consisting of m elements. We shall show that 
this subset is also a generating system for V over F, and 
hence is a basis. 

So let x be any element of V. Since the subset 
{X, Xy, -.-» Xp} Consists of m+1 elements, it cannot be 
linearly independent, and so there exist elements ἃ, «,, 
ἐν ας Of F, not all zero, such that 


OX OX, bee +h Xm = 0. (4.1) 
It is clear that ἃ is non-zero; for, if « were zero, it would 
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follow at once from (4.1) that {x,, .... Xm} 1S linearly 
dependent, contrary to hypothesis, Hence « has a multi- 
plicative inverse, and we deduce that 


x = (-- α΄ 1a )xy Fee H(A) Xie 


Thus {x,, ...; Xm} generates V, as asserted. 

(2) Now let {νιν .... Vm} be a generating system for ἡ 
over F consisting of m elements. We shall show that this 
subset is linearly independent over F and hence is a basis. 

Suppose that the subset is linearly dependent over F; 
then there exist elements βι, ..., 8, of F, not all zero, such 
that 


BiYi t+ + Bm = 0. 


Say f,, is non-zero. Then we may write 
Vm =(—Ban Birt +--+ (Bm Bm-)¥m-1» (4.2 


Now, since {y;, ...; ¥m} iS a generating system for V over ἢ, 
every element of V can be expressed as a linear combination 
of γι» «τ Ym With coefficients in F. But (4.2) shows that 
every such linear combination can be transformed into a 
linear combination of y,, .... ¥m-1 With coefficients in F; 
that is to say, {y, .... ¥m-1} generates V over F. It follows 
from Theorem 4.2 that m = dimp VSm-—1, which is a 
contradiction. 

Thus {y,, ...» Ym} iS linearly independent over F, as 
asserted. 


Since, by definition, every vector space of finite dimen- 
sion m certainly contains a linearly independent subset 
consisting of m elements, it follows at once from the first 
part of Theorem 4.3 that every vector space of finite 
dimension m has a basis consisting of m elements. 

Finally we show that every linearly independent subset 
of a finite-dimensional vector space can be extended to a 
basis for the vector space. 
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THEOREM 4.4. Let V be a vector space of finite dimension 
m over a field F. If {x4, ..., X,} is a linearly independent 
subset of V, rsm, then there exist m—r elements X,+4, ...,; 
Xm Of V such that {x,, ..., Xm} is a basis for V over ΡΒ. 


Proof. If r = m there is nothing to prove. 


So suppose that r<m. The subset W of V consisting 
of all elements of the form a,x, +...+%,x, (where αι, ..., ἃ, 
are elements of F’) is easily seen to be a vector space. 
Since it has a linearly independent generating system 
consisting of r elements—namely {x,, ..., x,}—its dimen- 
sion is r. Hence W is not the whole space V. Let x,,, 
be any element of V which does not belong to W; we 
claim that {x,, ..., x,,,} is linearly independent. So 
suppose we have 


βιχὶ Ἔ... +B,X, +B 1Xp4 ee 0, 
where f,, ..., 8.4, are elements of F. If f,,, is non-zero, 
then it has a multiplicative inverse and we may write 
Xp41 = ( —BreiBy)x y+... τί -β[ῥιβὸχ, 
which implies that x,,, lies in W, contrary to hypothesis, 
Thus £,,, = 0 and the above relation becomes 
Bix, +... +B,x, = 0. 


Hence pf, =... = β, = 0, since {x,, ..., x,} is linearly 
independent. Thus {x,, ..., X,4,} is linearly independent. 
Repeating this procedure m—r times in all, we eventually 
produce a linearly independent subset 


tas cing ee ees asta aeat 


consisting of m elements. Theorem 4.3 shows that this 
subset is a basis for V over F as required. 


ὃ 5, Polynomials. In elementary books on algebra, 
polynomials are usually defined to be “ expressions of the 
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form 
f(x) = dg tayXt+anx? +... +4,x" 

where dp, ..., @, are numbers”. This definition is open 
to at least two objections. First, it gives no indication 
as to the logical status of the symbol .—and to say that x 
is a “variable” or an “indeterminate” simply begs 
further questions. Secondly, when one comes to define 
addition and multiplication of polynomials, it is difficult 
to avoid the feeling that these operations are at least 
partially defined already—for the polynomials are written 
with addition signs between their terms, and these terms 
contain powers of x. To avoid these objections we proceed 
in what may appear to be a more abstract way; in reality 
we are simply exploiting the well-known fact that in 
elementary algebra the powers of x act essentially only as 
“ place-holders*’ while the coefficients are the really 
important constituents. These remarks may already have 
suggested to the sophisticated reader that we might define 
polynomials to be simply finite sequences of coefficients 
such as (do, @, ..., @,). For technical reasons—in fact, 
to enable us to deal conveniently with polynomials of 
different degrees, which would correspond to sequences of 
different lengths—we prefer to deal with “essentially 
finite’ infinite sequences. We now proceed with the 
formal development. 

Let RK be a commutative ring with identity element e. 
We denote by P(R) the set of infinite sequences (a, 4), 
ἐν Any ...) Of elements of R, each of which has the property 
that only finitely many of the members a, of the sequence 
are non-zero; thus for each sequence a = (do, Gy, 2. ...) 
in P(R) there is an integer N, such that a; = 0 for all 
integers i>N,. It is important to be clear that two 
sequences are equal if and only if corresponding members 
are equal, 1.6, if @ = (dp, a,, >, ...) and b = (bo, b,, bo, ...) 
then a = ὁ if and only if a; = ὃ; (i = 0, 1, 2, ...). 

+ Turnbull, Theory of Equations, Chapter V1. 
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We introduce an operation of addition in P(R) by 
setting 


(do, 1, Q2; .)+(bo, b, b>, soe) 
= (do + bo, a, +b,, a+b, itl 


It is easily verified that under this law of composition 
P(R) forms an abelian group. The zero element is clearly 
the sequence z = (0, 0, 0, ...) each of whose members is 
the zero of R; the additive inverse of (@p, αι, @2, ...) 18 
(-- (0. —@,, - ὅλ, ἘΠ ἢ : 

Next we introduce an operation of multiplication in 
P(R) by setting 


(do, a, 49; . bo; βι. bo, vos) = (Co, Cy, C2; ...» 
where 
¢,.= > a,b,-; (n=0, 1, 2, ...). 
i=0 


Then it is a routine matter to verify that this multiplication 
is associative and commutative, and also distributive with 
respect to the addition. That is to say, P(R) is a com- 
mutative ring under the laws of composition we have 
defined. Further, P(R) has an identity element, namely 
the sequence (e, 0, 0, ...) where e is the identity element 
of R. 

Consider now the mapping « of R into P(R) defined 
by setting κίαρ) = (ao, 0, 0, ...) for all elements ap of R. 
It is easy to see that καὶ is a monomorphism; we call it the 
canonical monomorphism of R into P(R). Then & and its 
image x(R) under x are isomorphic: they differ, of course, 
in the nature of their elements, but have exactly the same 
structure. We frequently find it convenient to blur the 
distinction between R and κί ΚὉ) and to use the same symbol 
a, both for an element of R and for its image under καὶ 
in P(R); when we do this, we say that we are identifying 
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R with its image under « and regarding R as a subring of 
the ring P(R). It will be found in practice that very little 
confusion is likely to arise from this identification pro- 
cedure; but any confusion which does arise can be resolved 
by a return to the strictly logical notation. 

We now introduce a name for the special sequence 
(0, e, 0, 0, ...) in P(R): we call it X. By induction we can 
prove at once that, for every positive integer ἢ, Δ" is the 
sequence (Co, δ᾽», C2, ---) for which c, =e and ¢;=0 
whenever i #n. Then if f = (ao, a, ..., dy, 0, 0, ...) 
is any sequence in P(R), with a, = Ὁ for all integers n> JN, 
we have 


f = (a, 0, 0, ...) +, a;, 0, ...)+...+(0, ..., 0, ay, 0, ...) 
= K(ay) + K(a,)X +... + «(ay)X". (5.1) 


Carrying out the identification of R and x(R) described in 
the last paragraph, we see that we have expressed f in 
the form 


Fa = Anta, X+...+ayX. 


This provides the justification for calling the elements of 
P(R) polynomials and for describing P(R) as the ring of 
polynomials with coefficients in R. 

Let f be a non-zero polynomial with coefficients in R: 
say f = (@p, @,, @2, ...). We define the degree of f to be 
the greatest integer n such that a, is non-zero; we denote 
the degree of f by df. The polynomials of degree zero are 
precisely the non-zero elements of the subring x(R); we 
call them constant polynomials or simply constants. Poly- 
nomials of degree 1 are also called linear polynomials. It 
is convenient to define the degree of the zero polynomial 
z = k(0) to be —oo, with the usual understanding that 
for every integer n=0 we haven>— οὐ and —o+n = —o. 
We deduce immediately from the definitions of addition 
and multiplication that if f and g are polynomials with 
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coefficients in Κα, then 
δ( f+g)Smax (Of, 2g) 
(fg) = ef +g; 
we notice, too, that if df # dg then we actually have 
O(f+g) = max (of, ὃ 0). 

If f = (ao, τη, ..., Gy, ...) is a non-zero polynomial 
with degree N, we call ἂν the leading coefficient of f; this 
name perhaps appears more reasonable when we express 
f in the form f = ayX"+...+a,X+a . If the leading 
coefficient of f is the identity e of R, we say that f is a 
monic polynomial, and we drop the leading coefficient, 
writing simply f = X¥"+...+a,X+4dp. 

We now concentrate our attention on polynomials 
with coefficients in a field. So let F bea field; a polynomial 
f with coefficients in F is said to be divisible by another 
such polynomial d, and d is said to be a factor of /, if there 
exists a polynomial g such that f = qd. In this situation 
we say also that f is a multiple of d. The polynomial [ 
is said to be irreducible if it has no factor d such that 
0<dd<dof; thus the only factors of an irreducible poly- 
nomial f are the constant polynomials and the products 
of f by the constant polynomials. 

We now state without proof two theorems to which 
we shall have constant recourse in the next chapter. Proofs 
of these results may be found in Turnbull, Theory of 
Equations, § 17; there the coefficients of the polynomials 
considered are described as “* constants ”’, but if we interpret 
this to mean ὁ elements of the field ΕΓ we can extract the 
following statements. 


and 


THEOREM 5.1. Let f be any polynomial and let d be a 
non-zero polynomial with coefficients in F. Then there exist 
unique polynomials ᾳ and r with coefficients in F such that 
f = qd+r and δὲ «δα. 
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THEOREM 5.2. Let f and g be any two non-zero poly- 
nomials with coefficients in F. Then there exists a unique 
monic polynomial h with coefficients in F such that (1) h is 
a factor of both f and g; (2) if k is any polynomial which 
is a factor of both f and g, then k is a factor of h. Further, 
there exist polynomials a and b with coefficients in F such 
that hh = af+bg. 


The polynomials g and r in Theorem 5.1 are called 
respectively the quotient and remainder when f is divided 
by d. The unique polynomial ἢ described in Theorem 5.2 
is called the highest common factor or greatest common 
divisor of f and g. If the highest common factor of f 
and g is the constant polynomial e (to be quite precise 
we should call it x(e)), we say that f and g are relatively 
prime. 

We now introduce a very important mapping of the 
polynomial ring P(F) into itself; this is the mapping D 
defined by setting 


Df = D(ag+a,X+a,X*+...+4,X") 
= a,+2a,X+3a,X?+...+na,X"~' 


for every polynomial f = ag+a,X+a,X*+...+4,X" in 
P(F), We naturally call the polynomial Df the derivative 
of the polynomial f. It is no surprise to learn that, if f 
and g are any two polynomials in P(F), then 


D(f+g) = Df+Dg and D(fg) = (Df)g+f(D9). 


Nor is it difficult to prove these results, which are purely 
formal consequences of the definition of D. 

It is, of course, quite impracticable to define derivatives 
of polynomials with coefficients in a general field F by the 
familiar type of limiting process used in the calculus; for 
one reason, we have not defined polynomials as functions; 
for another, in a general field we do not have any notion 
of “limit”. But the definition we have given makes sense 
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in any field F, since the coefficients 2a,, 3a;, ... are integral 
multiples of elements of F and hence are well-determined 
elements of F (see § 2). 

The next result is also an immediate consequence of 
the definition. 


THEOREM 5.3, Let f = dg +a,X+...+a,X" be a poly- 
nomial in P(F). If F has characteristic zero then Df = z 
(the zero polynomial) if and only if f is either zero or a 
constant polynomial, i.e., if and only if a, = a, =... =a, = Ὁ. 
If f has non-zero characteristic p then Df = z if and only if 
a, = 0 for all integers k not divisible by p. 


Let R be any commutative ring containing the field F, 
and let « be any element of R. An element β of R which 
can be expressed (not necessarily uniquely) in the form 
B = anta,a+a,a7+...+a,0", where dg, a, ..., @, are 
elements of F and n is a non-negative integer, is called a 
polynomial in « with coefficients in F. The set of all such 
elements is a subring of R, which we denote by F[a]. If 
κ denotes, as before, the canonical monomorphism of F 
into P(F), then equation (5.1) shows that P(F) = x(F)LX] 
and so, identifying F and x(F), we have P(F) = FLX] 
which is a standard notation for the polynomial ring with 
coefficients in F. 

Returning to the general case, we define a mapping o, 
of the polynomial ring P(F) into R by setting 


oA f) = 6,(a4g9+a,X+...+4,X") = dg +a,at+...+a,0" 


for every polynomial f = ay+a,X+...+a,X" in P(F). We 
call o, the operation of substituting « for XY; clearly o, 
maps P(F) onto the subring F[x] of R. But we can say 
more than this, as follows. 


THEOREM 5.4. Jf R is a commutative ring containing the 
field F and « is any element of Καὶ then the mapping oa, is an 
epimorphism of P(F) onto F{a]. 
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Proof. Let 
f = ao+a,X+a,X?+... and g = by +b,X+b,X’ +... 
be any two polynomials in P(F). Then 
f+9 = (dy +b) + (a, +b) X+(Q, +b2)X? +... 
and 
fa = (dobo) + (ob, +.4,b0)X + (Aobz +4, + agby)X? +.... 
We see at once that 
o,( f)+0,(g) = (ao +a,%+a ze? +...)4+(bo +b,4+b207 +...) 
= (ay +bo)+ (a, Ἐδι)α Ἐ(α7 Ὁ δη)χ’ +... 
= σαί f+). 
We have also 
of )oA9) 
= (dy αι α Ἑ α5α7 +...\(bo+ba+b,07 +...) 
= Apdo +(aob,4+a,%b9) 
+ (aob,0? +a,ub,4+a,%7b,)+... (5.2) 
= Agby + (dob, + 4ybp)4+ (dob. +4,b, +azb9)x? +... (5.3) 
= 6,( fg). 
Thus o, is a homomorphism. We remark that we have 


made essential use of the commutative property of R in 
passing from (5.2) to (5.3). 


If f is a polynomial in P(F) and o,( f ) = 0, then we say 
that ἃ is a root of fin R. As in elementary algebra, there 
is an intimate connexion between the roots of f in the 
field F itself and the linear factors of fin P(F). If a is any 
element of F we denote the linear polynomial Y—« by /,. 

THEOREM 5.5. Jf a is an element of F and f is a polynomial 
in P(F), then « is a root of f in F if and only if I, is a factor 
of f in P(F). 

Proof. According to Theorem 5.1 there exist poly- 
nomials g and rin P(F)such that f = g/,+rand δὲ «8, =1. 
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Thus r has the form x(a) where a is an element of F, possibly 
zero. Then 

off) = 4,(ql,+r) = 6,(9)o(l,)+o(r) = σ,(γ) = 4, 
since o,(/,) = α--α = 0. Hence ἃ is a root of f if and 
only if a = 0, i.e., if and only if r is the zero polynomial 
and so /, is a factor of f. 

We now contend that if two fields are isomorphic then 
the rings of polynomials with coefficients in those fields 
are also isomorphic. This result is an easy consequence 
of the following theorem. 


THEOREM 5.6. Let t be a monomorphism of a field F, 
into a field F,; let καὶ, Κα be the canonical monomorphisms 
of F, into P(F,), F, into P(F2) respectively. Then there 
exists a monomorphism tp of P(F,) into P(F) such that 
for every element a of F,, we have tp(k,(a)) = K2(t(a)). 

Proof. The mapping tp of P(F;) into P(F;) defined by 
setting 
τρί f) = tp(Qo+a,X+...+a,X") 

= (do) + t(a,)X+...+1t(a,)X" 

for every polynomial f = aj +a,X+...+4,X" is easily seen 
to satisfy our requirements. 

, The condition that 

Fi, ————— Ff; τρίκ,(α)) = K2(t(a)) for 

every element a of F, is 

sometimes described by 

Ky K, saying that the diagram in 

fig. 1 is commutative; for the 

condition asserts that if we 

τ Ὶ start with any element a of 

Ρ(ΡῸ -- 5.» P(F2) F, and “transport it” to 

P(F,) by either of the routes 

indicated in the diagram 

—by applying first x, and then tp or by applying first τ 
and then x,—we obtain the same result. 


Fic. | 
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If we identify F, and F, with their images under the 
canonical monomorphisms and regard them as subfields 
of P(F,) and P(F;) respectively, then the condition on tp 
is simply that tp(a) = t(a) for every element a of F;, 
i.e. that tp shall act like τ on the elements of ΕἾ. For 
this reason we call tp the canonical extension of τ to 
P(F;). 


δ 6. Higher polynomial rings; rational functions. Let Κα 
be any commutative ring with identity e. We define 
inductively a family of “ higher polynomial rings” with 
coefficients in R, as follows: P,(R) is simply the polynomial 
ring P(R) as we defined it in the last section; then for n>1, 
we set P,(R) = P(P,,_,(R)). We call P,(R) the nth order 
polynomial ring with coefficients in R. 

In order to achieve some insight into the structure of 
these rings we shall examine P,(R) = P(P(R)). Let x, 
and «x, be the canonical monomorphisms of Καὶ into P(R) 
and of P(R) into P,(R) respectively; the mapping x of Καὶ 
into P,(R) defined by setting x(a) = K,(K,(a)) for all 
elements a of R is clearly also a monomorphism. If we 
denote by Y the element (0, e, 0, ...) of P(R), then, as we 
saw in § 5, every element b of P(R) can be expressed in the 
form 


b = Ky (Go) +k, (4,)X +... Ἐκχία, ) ΑΝ 


Where dp, @;, .... @», are elements of R. Similarly, if we 
denote by X¥, the element (x,(0), «,(e), «,(0), ...) of P,(R), 
we see that every element p of P;(R) can be expressed in 
the form 

Ρ = K2(bo) + K2(b,)X2+... +K2(b,)X2 
Where bo, b,, ..., 6, are elements of P(R). If we write 


δ, = Kya) +K (Ay ὁ Χ +... +K (Ay, )X"! (j = 0,1,.-.5 0) 
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and set Y, = «>(X), then we see that p takes the form 
P = κ(αρ0) + K(410)X1+--- + κα, Οὐ Χ 
(κίαρι) Ἐκία Χ  Ἔ.... Ἐκία, XTX 2 
+...4 
+ (K(A on) +K(Agn)X Ἔ... FRA) XT)XD 


n my pene 
= po >, κία ὁ) Χ  Χ. © 
j=01=0 


If we identify the original ring R with its image under the 
monomorphism x, it appears that every element p of P2(R) 
can be expressed in the form 


| Sa Σ, > αι Χ 1X4 
i=0 j=0 
where the coefficients a,, belong to the ring R and only 
finitely many of them are non-zero. | 
A similar discussion shows that by suitable choice of 
elements X;, ..., X,, and the usual identification procedure, 
every element of P,(R) can be expressed in the form 


oo 
i i 
Σ ES ἐ ὡς 


a 
iy = 0 


where the coefficients a;,_; are in R and only finitely 
many of them are non-zero. 

Let now S be any commutative ring containing R and 
let « = (αι, ..., &,) be an ordered n-tuple of elements of S. 
We may then define a mapping o,, of P,(R) into S by setting 


i ink iy i, 
G. Σ᾽ αι... Χ rs ᾿ ἔν ) ΞΞ δας, οἰ we a iy 


for every element δα, Χ ...Χ in P,(R). As in Theorem 
5.4 we may prove that o, isa homomorphism. The image 
of P,(R) under the mapping o, is a subring of S which is 
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often denoted by Κα] or Rix,, ..., «,]. In particular, 
PAR) = RLX4, ..., Xp) 

Once again let F be any field and let x be the canonical 
monomorphism of F into the polynomial ring P(F). Let 
us consider the set of ordered pairs (f, 4) of polynomials 
in P(F), where g 15 not the zero polynomial. We say that 
the ordered pair { 7΄, σ΄) is equivalent to the ordered pair 
(f, 9) if f'g = fg’. The set of all ordered pairs equivalent 
to (f, 4) is called the equivalence class of (f, 4); it is 
clearly not empty, since { 0, g) is equivalent to itself under 
our definition, and hence belongs to the equivalence class 
of (f, g). The set of all equivalence classes of ordered 
pairs obtained in this way is denoted by R(F). We turn 
R(F) into a ring by defining operations of addition and 
multiplication as follows. Let C, and C, be any two 
equivalence classes; let (f,, g,) and (f>, g2) be ordered 
pairs of polynomials chosen from C, and C, respectively. 
Then we define C,+C, and C,C, to be the equivalence 
classes containing the ordered pairs (/,9;+f291, 9192) 
and (f; fs, 9192) respectively. It is easily verified that 
these equivalence classes depend only on C, and C, and 
not on the choice of ordered pairs (f;, g,) and (fo, g2). 
Routine checking now shows that with these laws of 
composition R(F) is a commutative ring with identity; 
the zero and identity elements are the equivalence classes 
containing the pairs («(0), x(e)) and (x(e), x(e)) respectively. 
Let now C be any non-zero element of Κι), and let {, g) 
be any pair in C; since C is not the zero element it follows 
that f is not the zero polynomial. Let C’ be the equivalence 
class containing the pair (g,f); then CC’ is the equivalence 
class containing (fg, gf). Since (fg, gf) is equivalent to 
(x(e), x(e)), it follows that CC’ is the identity of R(F). 
Thus we have proved that every non-zero element of 
R(F) has a multiplicative inverse, i.e., that R(F) is a field. 

We usually denote the equivalence class containing 
(f, g) by f/g, a notation which perhaps makes the definition 
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of addition and multiplication in R(F) appear more natural. 
We call R(F) the field of rational functions with coefficients 
in F. 

The mapping 4 of P(F) into R(F) defined by setting 
i(f) = fix(e) for all polynomials f in P(F) is easily seen 
to be a monomorphism; we call 4 the canonical mono- 
morphism of P(F) into R(F). Usually we agree to identify 
P(F) with its image under 2, just as we identify F with its 
image under x. So we generally think of F and P(F) as 
subrings of the field R(F). 


Examples I 


1. Show that the set of complex numbers of the form 
a+bi where a and b are rational numbers is a subfield of 
the complex number field C. 


2. Show that the set consisting of the four elements 
0, δ, a, δ with operations of addition and multiplication 
defined by means of the tables below is a field of character- 
istic 2. What is the prime field? 


- )}O:.€ Git x |0 ea ὃ 
01:0 e a ὃ 010 8 Ὁ 
ele 0 5b a e|0 e a ὃ 
ala δ᾽ 0 6 αὖ abe 
bib ae 9 διῦ bea 


3. Let F be a field, M,(F) the set of » xm matrices with 
elements in /. Show that M,(¥) forms a vector space 
over F under ordinary matrix addition and the operation 
which assigns to each element a of F and each matrix 
A= [ai] in M,(F) the matrix aA = [aa,,|. Show that the 
set of n2 matrices which have the identity element of F 
in one position and the zero element in all other positions 
is a basis for M,(F) over Ff. 
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4, Let F be a field, P, the subset of the polynomial 
ring P(F) consisting of polynomials f such that 0f<n. 
Show that P,, forms a vector space over F under ordinary 
polynomial addition and the operation which assigns to 
each element a of F and each polynomial 


f = Ag +a,X+...+a Bao tee 


the polynomial af = aa)+aa,X+ wae ἧι, «ἈΠῈ. What 
is the dimension of P,, over F? 


5. Let F be a field. For each polynomial f in P(F) 
we may define a mapping f* of F into itself by setting 
f*(a) = 0,(f) for every element a in F. Show that f* 
is not in general a homomorphism. 


6. Let F = Z, and let f be the polynomial X?— X in 
P(F). Show that while f is not the zero polynomial the 
mapping f * of F into itself determined by f as in Example 5 
" the zero mapping, i.e., 7 "(α) = 0 for every element ἃ 
of F, 


7. Let ¢ be a homomorphism of a ring R into a ring S. 
Show that if a and ὃ belong to the kernel K of @ and r 
is any element of R then a+b, a—b and ra all belong to 
K. Deduce that if R = P(F), the ring of polynomials 
with coefficients in a field F, and f is a polynomial of least 
degree in K, then K consists precisely of the multiples of 1. 


8. Let F be a field. Show that the only elements of 
the polynomial ring P(F) which have multiplicative inverses 
are the constant polynomials. 


9. Let F be a field, x the canonical monomorphism of 
F into the polynomial ring P(F). If ᾧ is an automorphism 
of P(F) show that there is an automorphism ¢, of F such 
that («(a)) = x(¢,(a@)) for all elements a of F and that 
there are elements c, d of F(c # 0) such that #(X) = cX+d. 


D 
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10. If f is any polynomial of degree n with coefficients 
in a field F of characteristic zero with identity element e, 
prove that (in the notation of example 5) 


f= ¥ (rey "ONO, 


where the polynomials D’f are defined inductively by setting 
D°f = fand D'f = D(D’~'f) for r21. 


CHAPTER II 


EXTENSIONS OF FIELDS 


ἃ 7. Elementary properties. Let F be a field. An exten- 
sion of F is a pair (Ε, 7) consisting of a field E and a mono- 
morphism 1 of F into Ε. If (£, 7) is an extension of F the 
field E has a subfield, namely (F), which is isomorphic 
to F. We shall usually identify F with its image under 17 
and regard F as being itself a subfield of E; when we 
make this identification we shall simply say that the field £ 
is an extension of F and shall omit all mention of the 
monomorphism 7. In any case where confusion is likely 
to arise from this identification procedure we shall of 
course revert to the formal definition and notation. 


Example 1. Let F be a subfield of a field Ε. There 
may be many monomorphisms of F ‘into E£, but there is 
one which appears to be particularly “ natural”. This is 
the mapping 1 of F into E defined by setting (a) =a 
for all elements a of F; it is clearly a monomorphism, 
which we call the inclusion monomorphism of F in E. Then 
(E, 1) is an extension of F according to our definition. We 
notice that in this case 1(Π} = F and hence there is no 
danger involved in identifying F and (F). In future, if 
F is a subfield of a field E and we refer to E as an extension 
of F it will always be understood that the monomorphism 
of the extension is the inclusion monomorphism. 


Example 2. The elements of the field C of complex 
numbers are usually defined to be ordered pairs of real 
41 
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numbers, and the laws of composition in C are given by 
(a, b)+(c, d) = (a+c, b+d) 
(a, b)x(c, d) = (ac—bd, ad+ bc). 


When C is defined in this way it is clear that the field R 
of real numbers is not a subfield of C. But the mapping 
1 given by 1(a) = (a, 0) for all real numbers a is easily 
verified to be a monomorphism of R into C; hence (C, 1) 
is an extension of R. In this case the procedure of identify- 
ing R with its image under 1 is a very familiar one. 


Let F be a subfield of a field FE; E is of course equipped 
with an addition operation—the field addition; the field 
multiplication in E is an operation which assigns to every 
element a of F and every element x of £ an element ax of £. 
It is easily verified that E, equipped with these operations, 
is a vector space over F. The dimension of FE over F 
when considered as a vector space in this way is called 
the degree of E over F and is denoted by (E: F). If (£, 1) 
is an extension of a field F we define the degree of this 
extension over / to be the degree of Εἰ over its subfield 
“(F). An extension of F is said to be finite or infinite 
according as its degree over F is finite or infinite. 

Our first result is essentially an elementary exercise 
illustrating the ideas of §§ 3 and 4. 


THEOREM 7.1. Let F be a subfield of a field E. If t is 
a monomorphism of E into a field Καὶ, then (2(E): t(F))=(E: F). 


Proof. Let {x,, ..., x,} be a finite subset of E linearly 
independent over F. We claim that the subset 


{t(x;), ..-» τοῦ} 
is linearly independent over t(/). So suppose 
t(a,)t(x,) +... + t(4,)t(x,) = 9, (7.1) 
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where @;, ..., a, are elements of F. Since τ is a homo- 
morphism, this relation may be written in the form 


t(a,xX,+...+a,x,) = 0; 
from this we deduce (since t is a monomorphism) that 
a,X,+...a,x, = 0. (7.2) 


Since {x,, ..., X,} is linearly independent it follows that all 
the coefficients a, in (7.2) are zero. Hence all the co- 
efficients t(a;) in (7.1) are zero, and the set {t(x;), ..., t(x,)} 
is linearly independent over t(F), as asserted. 

This completes the proof if (E: F) is infinite. For then 
we may take r arbitrarily large, so obtaining subsets of 
τί ΕἾ which are linearly independent over τί Ε) and contain 
arbitrarily many elements. 

Suppose now that (£: F) is finite. We may take 
r = (E: F) and assume that {x,, ..., x,} is a basis for E 
over F. We shall show that {t(x,), ..., t(x,)} is a basis 
for t(£) over τί ΕἾ); since the preceding argument shows 
that this set is linearly independent, we have only to prove 
that it is a generating system for τί Ε) over t(F). 

So let t(x) be any element of τί ΕἾ, where x is an element 
of E. The set {x,, ..., x,} generates E over F; so there exist 
elements a,, ..., a, of F such that 


X = aX, +... +4,%,. 
Applying the monomorphism τ we see that 
t(x) = t(a,)t(x,) +... + 1(@,)t(x,); 


this shows that {r(x,), ..., t(x,)} generates τί ΕἾ over t(F). 
This completes the proof. 


It is easy to see that if FE = F then (Ε: F) = 1. For the 
set consisting of the identity e of F alone is linearly in- 
dependent over F; and it generates F over F, since every 
element a of F can be expressed in the form a = ae. 
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Conversely, let F be a subfield of £ such that (Ε: F) = 1. 
We shall show that in this case E = F. Let e be the identity 
of E; then e lies in the subfield F. The set consisting of e 
alone is linearly independent over F and hence, by Theorem 
4.3, this set is a basis for E over F. Thus, if x is any 
element of Εἰ there is an element a of F such that x = ae. 
So x, being the product of two elements of F, belongs to 
F. Hence Ε = F. | 

If F is a subfield of E and E is a subfield of another 
field, K, then F is also a subfield of K and we may consider 
the three degrees (E: ΕἸ, (K: £) and (K: F). The next 
theorem establishes an important connexion between them. 


THEOREM 7.2. If F is a subfield of E and E is a subfield 
of Καὶ, then (K: ΕἸ = (K: E)(E: ΕἸ. 

Note. The equation (K: F) = (K: E)(E: F) is intended 
to include the statement that if either of the factors on 
the right is infinite then so is (K: F). 


Proof. Let {x,, ..., x,} be a finite subset of EF, linearly 
independent over F, and let {y,, ..., y,} be a finite subset 
of K, linearly independent over E. We claim that the 
subset of K consisting of the rs elements x,y, (i = 1, ..., r; 
j=1, ..., 5} is linearly independent over F. So suppose 


we have a relation 
r Α 


ΟΣ Apri = 9, 
OP Pas 
with coefficients a,, in F. We may write this relation in 
the form 


ba aux) Vit. t (x aux y, = 0. 


= 
-- 


Since the coefficients Ἴ a, jx; (j ΞΞ 1,...... 8) are elements 
i= 1 


of E and the set {y,, ee ys} is linearly independent over E 
it follows that these coefficients are all zero. Thus we 
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have the s relations 
Gy jXy +... A,X, = 0 (j = l, eae ἢ 5). 


The coefficients of each of these relations are elements 
of F, and hence, since the set {x,, ..., X,} is linearly in- 
dependent over F, we deduce that all the coefficients ἂς 
are zero (i = 1, ...; 7; j= 1, ..., 8. This is precisely 
what we had to show in order to prove that the set {x,),} 
is linearly independent over F. 

As in Theorem 7.1, this completes the proof if either 
(Ε: ΕἸ or (K: ΕἸ is infinite. For then we may take r or s 
arbitrarily large and hence obtain arbitrarily large subsets 
of K linearly independent over F, so showing that (K: F) 
is infinite. 

Suppose, on the other hand, that (Ε: F) and (K: ΕἸ 
are both finite. Then we may taker = (£: F)ands=(K: ΕἸ, 
and we may suppose that {x,, ..., x,} and {y,, ..., y,} 
are bases for E over F and K over E respectively (see 
Theorem 4.3). The preceding arguments, combined with 
Theorem 4.1, show that (K: F)2rs. We shall now show 
that {x,y,} is a generating system for K over F. It will 
follow from Theorem 4.2 that (K: F)<rs and the theorem 
will be established. 

Let 1, then, be any element of K. Since {y,, ..., y,} 
is a generating system for K over E there exist elements 
b,, ..., δ. of E such that 


(= by, Ἕ... +b.y,. 


Similarly, since {x,, ..., x,} is a generating system for E 
over F, there are elements a,, of F (i= 1, ..., r; j= 1, 
..-, 8) Such that 


δι = a, ;X,+...+4,x, (j = 1,..., 5). 
It follows at once that 


Γ sj 
rz » μ᾿ {}Χ}}}} 
i=i1jy=1 
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that is to say, the set {x,y,} generates K over F as required. 
This completes the proof. 


Theorem 7.2 has two useful corollaries. The first 
follows from the theorem by a simple inductive argument. 


COROLLARY 1. Let Fo, Fy, ..., F, be fields such that 
Ρμ is a subfield of Γ᾿ (i = 1, ..., n). Then 


(F,: Fo) = (Fat Κα. Fa-2)---CPat Fi(Fi: Fo). 


COROLLARY 2. Let F be a subfield of K such that (K: F) 
is finite. If E is a subfield of K containing F such that 
(E: F) = (K: F), then E = K. 


Proof. According to the theorem, (K : Ε) = (K: E)(E:F). 
Hence (K: ΕἸ = 1, and the result follows from the remarks 
preceding the theorem. 

We remark that if (K: F) is infinite we cannot deduce 
from the equations (K: F) =(K: E)(E: F) and (Ε: F)= 
(K: F) that (Κ: ΕἸ = 1. 


§ 8. Simple extensions. Let E be a field, F a subfield of 
E and S any subset of Ε. We consider the intersection 
of all the subfields of E which contain both the subfield F 
and all the elements of S—that is to say the subset of E 
consisting of the elements common to all those subfields. 
It is easy to verify that this intersection is itself a subfield 
of E containing F and S; clearly it is the smallest such 
subfield. We call it the subfield of E generated over F by S 
and we denote it by F(S); we also say that F(S) is the 
subfield of £ obtained by adjoining S to F. The next 
theorem gives us a description of the elements of F(S). 


THEOREM 8.1. With the notation just described, the 
elements of F(S) are precisely those elements of E which 
can be expressed as quotients of finite linear combinations 
(with coefficients in F) of finite products of elements of 5. 


Proof. Let Καὶ be the subset of E consisting of elements 
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which can be expressed in this way. Since the sum, 
difference, product and quotient of any two such elements 
can again be expressed in the same form, it follows that K 
is a subfield of E. Further, it is clear that K contains both 
F and S and hence contains F(S). 

On the other hand, since F(S) is a subfield of E con- 
taining F and S, we see at once that all finite products of 
elements of S, all finite linear combinations of such products 
with coefficients in F, and hence finally all quotients of 
such linear combinations belong to F(S). That is to say, 
F(S) contains Καὶ, 

Thus F(S) = Καὶ as asserted. 


If the subset S consists of finitely many elements αἱ, 
μὰ ἃ, of E, we usually write F(a, ..., «,) instead of F(S). 
If, in particular, the subset S$ consists of a single element « 
of E, we call F(S) = F(a) a simple extension of F. (We 
recall our agreement that, when we refer to a field, such 
as F(a), as an extension of one of its subfields, the mono- 
morphism of the extension is tacitly understood to be the 
inclusion monomorphism.) Thus a subfield K of Ε is a 
simple extension of the subfield F if there is an element « 
of K such that K is itself the smallest subfield of E which 
contains both F and «. It follows at once from Theorem 
8.1 that F(x) consists of those elements of E which can be 
expressed as quotients of polynomials in « with coefficients 
in F, We now subject simple extensions to a more searching 
analysis. 


THEOREM 8.2. Let E be a field, F a subfield of E, ἃ an 
element of E. Then either (1) F(a) is isomorphic to the 
field R(F) of rational functions with coefficients in F, or 
(2) F(a) coincides with the ring F(a] of polynomials in ἃ 
with coefficients in F. In the second case there is a unique 
monic irreducible polynomial m, in P(F) such that a poly- 
nomial f in P(F) has « as a root if and only if it is a multiple 
of m,. Further, (F(a): F) = 6m,. 


48 INTRODUCTION TO FIELD THEORY §8 


Proof. Let A, be the set of polynomials in P(F) which 
have « as a root; then a polynomial f in P(F) belongs to 
A, if and only if o,(f) = 0, where σ, is the substitution 
epimorphism of P(F) onto 7]. Two cases can arise. 


Case 1. A, consists of the zero polynomial alone. 
Then we may define a mapping ᾧ of R(F) into F(x) 


by setting 
$( fig) = σ,( f (og) 


for every element f/g of R(F); we remark that since g is 
not the zero polynomial in P(F), o,(g) is not zero and hence 
has a multiplicative inverse. It is easy to verify that ᾧ 
is an isomorphism of R(F) onto F(a). 


Case 2. A, does not consist of the zero polynomial 
alone. 

Let g be a non-zero polynomial of least degree in A,. 
Thus o,(g) = 0, but if f is a non-zero polynomial in P(F) 
with 0f<dég then o,(f) #0. Let m, be the monic poly- 
nomial obtained on dividing all the coefficients of g by 
the leading coefficient. Then of course o,(m,) = 0 also. 

We show first that m, is irreducible. So suppose we 
have m, = hk, where ἢ, k are polynomials in P(F) with 
0<éh, 0k<dm,. Since o, is a homomorphism (Theorem 
5.4) we have 


0 = a,(m,) = 6,{hk) = o,{h)o,{k). 


Hence either ¢,(/) = 0 or o,(k) = 0; but this is impossible 
since mm, is a non-zero polynomial of least degree in 4,. 
It follows that m, is irreducible, as asserted. 

Next we claim that A, consists precisely of the multiples 
of m,. It is clear that all the multiples of m, belong to 
A,, for if A is any polynomial in P(F), 


a,(m,h) = o,{m,)o,(h) = 0. 


Suppose conversely that f is any polynomial in A,, i.e., 
that o,f) = 0. According to Theorem 5.1 there exist 
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polynomials g and r in P(F) such that f = qm,+r and 
dr<dm,. Then 


0 = o,(f) = σ,(ᾳ)σ,(ν»,)Ἑ σ,() = 9.47). 


Hence r is the zero polynomial and f = gm,; for otherwise 
we should have a contradiction to our choice of m, as a 
non-zero polynomial of least degree in A,. 

It now follows at once that m, is the unique monic 
irreducible polynomial in A,. For if m, were another 
such polynomial the argument of the preceding paragraph 
applied to m, and to mj would show that m, is a factor of 
mi and μι: is a factor of m,; hence, since both polynomials 
are monic, m, = mq. 

We shall show next that F(a) = F[a], i.e., that every 
clement of F(#) can be expressed as a polynomial in ἃ 
with coefficients in F. As we remarked just before the 
statement of this theorem, every element of F(a) has the 
form o,(f)(o,(g))~! where f and g are polynomials in 
P(F) and, of course, ,(g) is non-zero. Since o,(g) is non- 
zero, g does not belong to A, and hence is not divisible 
by m,. Since m, is irreducible, it follows that the highest 
common factor of g and m, is the identity polynomial e. 
Then, according to Theorem 5.2, there exist polynomials 
h and k in P(F) such that gh+m,k = e. Hence 


6 = 6,(e) = 0,(g)o,(h) +o,(m,)o,(k) = σ,(ρ)σ, (ἢ), 
since o,(m,) = 0; thus (¢,(g))~* = ¢,(h) and so 
σι( [γ(σ,(4)} ἡ = of oh) = σ,( fh), 


which is a polynomial in « with coefficients in F, as required. 
Finally, we claim that (F(a): F)=0m,. We shall 
establish this result by showing that if dm, = n then the 
set fe, a, αἷ, ..., a” *} is a basis for F(a) when considered 
in the usual way as a vector space over ἢ. 
First we show that this set is linearly independent 


-ἰ.- - -- = 


| 
| 
| 
i 
| 


_ So a er =. π΄ 
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over /; so suppose we have a relation of the form 
Ape+aya+...+4,-,0""' = 0. 
This relation may also be written 
oA{f) = 0, 


where f is the polynomial ay+a,X+...+a4,.,X""'. Since 
1 belongs to A, and @fsn—1<dm, it follows by an 
argument which is by now familiar that f is the zero 
polynomial, i.e., that ag = a, =... =a,_,; =0. Thus 
{e, a, αὖ, ..., #"~*} is linearly independent over F. 

Next we show that {e, α, αὖ, ..., αὐ} is a generating 
system for F(a) over F. So let x be any element of F(a); 
as we have just seen, there exists a polynomial f in P(F) 
such that x = o,(f). Since we can express f in the form 
f = qm,+r, with ér<n, it follows that x = o,(f) = o,(r), 
which is a linear combination of e, α, αὖ, ..., «"~! with 
coefficients in F. 

This completes the proof that fe, α, «7, ..., αὐ} is a 
basis for F(a) over F and hence that (F(a): F) = n. 


In Case 1 of Theorem 8.2, where A, consists of the 
zero polynomial alone, we say that the element « of E 
is transcendental over F. Thus if « is transcendental over 
F a polynomial in « with coefficients in F can be zero only 
if all the coefficients are zero. In Case 2 of the theorem, 
where A, does not consist of the zero polynomial alone, 
% Is said to be algebraic over F; in this case the unique 
monic irreducible polynomial m, in A, is called the minimum 
polynomial of « over F. We may denote this polynomial 
by m,, ε when we wish to bring the field F into prominence. 
According to the theorem, a polynomial in P(F) has « as 
a root if and only if it is a multiple of the minimum poly- 
nomial of ἃ over F. 

In the following examples we shall assume that the 
field Q of rational numbers is identified with a subfield 
of the field R of real numbers, that R is in turn identified 
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with a subfield of the field C of complex numbers and 
that all the monomorphisms involved in the extensions 
considered are the appropriate inclusion monomorphisms. 


Example 1, For this one example let e denote the base 
of natural logarithms. Hermite proved in 1873 that e ts 
not a root of any non-zero polynomial with rational 
number coefficients, i.e., that e is transcendental over the 
rational number field .7 It follows from the first part 
of Theorem 8.2 that the subfield Q(e) of the real number 
field R is isomorphic to the field of rational functions R(Q). 


Example 2. The complex number i is a root of the 
polynomial X¥*+1 in P(Q); so i is algebraic over Q. 
Since X*+1 is in fact irreducible in P(Q) it follows from 
the second part of Theorem 8.2 that the subfield Q(i) 
of the complex number field C has degree 2 over Q; X7+1 
is the minimum polynomial of i over ὦ. Every element 
of Q(i) can be expressed uniquely in the form a+bi where 
a and ἢ are rational numbers. 


ἃ 9, Algebraic extensions. Let now (E, 1) be any 
extension of a field F. We say that (£, 1) is an algebraic 
extension of F if every element « of E is algebraic over 
the subfield (F). Otherwise (£, 1) is called a transcendental 
extension of F. As the following theorem shows, this classi- 
fication of extensions into algebraic and transcendental is 
not unconnected with our earlier classification into finite 
and infinite extensions. 


THEOREM 9.1. Every finite extension of a field is algebraic. 
Proof. Let (E, 1) be a finite extension of a field ἢ; 


suppose (Ε: 1(F)) = n. 

Let « be any element of FE. Then the set {1(e), «, a’, 
..., at, since it consists of n+1 elements of the n-dimen- 
sional vector space £, is linearly dependent over 1(F). 


+ Niven, Irrational Numbers, Chapter 2. 
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That is to say, there exist elements dp, αι» ..., a, Of ἢ, 
not all zero, such that 


1(ay)(e) + (a; )a+ (a2)a? +...+1(a,)u"” = 0. 
Thus « is algebraic over :(F) as required. 


The converse of this theorem is not true: it is possible 
to construct algebraic extensions which are not finite. 
There is, however, a partial converse, as follows, 


THEOREM 9.2. Let (E, 1) be an extension of a field F. 
If E is generated over i(F) by a finite set of elements algebraic 
over i(F), then (E, ἢ is a finite extension of F. 


Proof. We shall identify F and 1({} and suppose that 
E = F(a, ..-, %,) Where a, ..., &, are algebraic over ἢ. 

Set Ey, = F and E, = F(a, ..., &) (K = 1, 2, ..., πη, 
so that E, = E. Then for k = 1, 2, ..., m, Εἰ is a simple 
extension of E,_,: E, = E,-,(%). Since «, is algebraic 
over F it is a fortiori algebraic over E,., and hence, 
according to Theorem 8.2, (Εκ: Εἰ...) is finite, being equal 
to the degree of the minimum polynomial of «, over E,_,. 


Thus (E: F)= |] (Ey: Ex-1) is also finite; that is to 
k=1 


say, (E, 7) is a finite extension of F. 

Let F be a subfield of a field Ε. Then the relative 
algebraic closure of F in E is the subset of E consisting of 
all those elements of E which are algebraic over F. If the 
relative algebraic closure of F in Εἰ is just the field F itself 
(which means that all the elements of E which do not 
belong to F are transcendental over F) we say that F is 
relatively algebraically closed in E. 


THEOREM 9.3. Jf F is a subfield of a field E, the relative 


algebraic closure A of F is a subfield of E which is algebraic 


over F and contains all the subfields of E which are algebraic 
over Ρ. 
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Proof. Apart from the assertion that A is a subfield 
of E, this theorem is an immediate consequence of the 
definition. 

To show that A is a subfield we have only to prove that 
if « and β are any two elements of Ε which are algebraic 
over F then «+, «8, —a and (when « is non-zero) α΄ 
are also algebraic over F. These elements, however, all 
belong to the subfield F(a, 8) of E obtained by adjoining 
fa, B} to F. It follows from Theorem 9.2 that F(a, f) 
is a finite extension of F and hence, from Theorem 9.1, 
that F(a, 6) is an algebraic extension of F. 

This completes the proof. 


Example. Suppose that the rational number field Q 
has been identified with a subfield of the complex number 
field C. The relative algebraic closure A of Q in C is 
called the field of algebraic numbers. It can be shown 
that A is an infinite extension of Q, thus providing us 
with an example of an algebraic extension which is not 
of finite degree. The field A, however, does not coincide 
with the whole complex number field C since (for example) 
the base of natural logarithms does not belong to A (see 
§ 8, Example 1). 


§ 10. Factorisation of polynomials. Let (£, 1) be an 
extension of a field F. If x, and κ are the canonical 
monomorphisms of F into P(F) and £ into P(£) respectively, 
it follows from Theorem 5.6 that there exists a mono- 
morphism tp of P(F) into P(E) such that 1p(k,(a@)) = K2(1(a)) 
for all elements a of F. Since we usually agree to identify 
F with x,(F), E with «,(E) and F with 1(F), it is natural 
that we should also agree to identify P(F) with its 
image under zp. When we make this identification what 
we are doing in effect is to regard polynomials with 
coefficients in F also as polynomials with coefficients in ἢ. 

Let E be a field, F a subfield of Εἰ, ἃ an element of Ε 
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algebraic over F. Since ἃ is a root in F(a) of its minimum 
polynomial m,, » (considered as a polynomial in P(F(a))), 
it follows from Theorem 5.5 that the linear polynomial 
|, = X—a is a factor of m,, - in P(F(«)). Thus although 
m, y is irreducible in P(F) it has a linear factor when we 
consider it as a polynomial in P(F(«)). We now naturally 
ask whether, given an irreducible polynomial f in Ρ(ΡῚ, 
it is possible to find an extension (£, 1) of ἢ such that 
tp(f) has a linear factor in P(E£). The next theorem 
answers this question in the affirmative. 


THEOREM 10.1. Let F be a field, f a non-constant 
irreducible polynomial in P(F). Then there exists an extension 
(E, 1) of F such that tp(f) has a linear factor |, in P(E), 
Further, the degree of 1(F)(«) over F is precisely of. 


Proof. We define a relation between the polynomials 
in P(F) by saying that a polynomial g is congruent to a 
polynomial ἢ} modulo f if the difference g—/ is divisible 
in P(F) by the given polynomial f. The set of all poly- 
nomials in P(F) congruent to g is called the residue class 
of g modulo f; it is clearly non-empty, since g itself belongs 
to it. Let E be the set of residue classes so obtained. 

We now introduce operations of addition and multipli- 
cation in E. If C,, C, are residue classes in E, we select 
polynomials f,, f, from Οἱ, Cz respectively and we define 
C,+C, and C,C; to be the residue classes of f,+/, and 
f\f2 respectively. A rather long, but entirely routine 
investigation shows that these residue classes depend only 
on C, and C, and not on the choice of representative 
polynomials /;, f,, and that under the operations of addition 
and multiplication so defined E forms a commutative 
ring. The zero element Z and the identity element / are 
the residue classes modulo f of the zero polynomial and 
the identity polynomial respectively. (Cf. Example 4 of 
§ 1.) 
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We show next that £ is actually a field. So let C, 
be any non-zero residue class, f, any polynomial in C;. 
Then f, is not congruent to the zero polynomial modulo f, 
and hence is not divisible by f. Since f is irreducible it 
follows that the highest common factor of f, and f is the 
identity polynomial e. Thus, according to Theorem 5.2, 
there exist polynomials a and ὁ in P(F) such that af + bf, = 6. 
Then δῇ, --ὸ = —af is divisible by f and consequently bf, 
is congruent modulo f to the identity polynomial. Hence, 
if C, is the residue class of the polynomial b, we have 
C,C, =I. Thus we have shown that every non-zero 
element of E has an inverse relative to the multiplication 
in E; so £is a field. 

Now consider the mapping 1 of F into E obtained by 
defining :(a) for each element a of F to be the residue class 
modulo f of the constant polynomial a. It is easy to 
verify that 1 is a homomorphism. Since xe) = 1 and 
I is not the zero element of £ it follows that 1 is not 
the zero homomorphism and hence, by Theorem 3.1, is a 
monomorphism of F into E. Thus (£, 1) is an extension 
of F. 

Let « be the residue class of the polynomial X, Then 
E is a simple extension obtained by adjoining « to 1(F). 
To see this, let C be any residue class modulo f, and let 
4 = bo +b,X+...+6,X" be any polynomial in C; then 
we have 


C = (bo) +(b,)a+...+1(b,)2" = ,(1p(g)). 


In particular, since the residue class containing the given 
irreducible polynomial f is the zero class Z, we have 
of{ip( f)) = Z. Thus ip(f) has « as a root in E and /, 
as a linear factor in P(E). Since f is irreducible in P(F) 
tp( f) is irreducible in P(1(F)) and hence τρί.) differs from 
the minimum polynomial of « over 7(F) only by a constant 
factor. It follows from Theorem 8.2 that the degree of 
(E, 1) over F is exactly 0(1p(f)) = af. 
E 
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Although we have given only one method of con- 
structing an extension in which a given irreducible poly- 
nomial has a root, it will follow as a special case of the 
next theorem that any other method of constructing such 
an extension will lead to essentially the same result. 


THEOREM 10.2. Let F and F’ be fields, τ an isomorphism 
of F onto F' and tp the canonical extension of t to P(F). 
Let f be an irreducible polynomial in P(F) and let (E, i) 
and (Ε΄, 1') be extensions of F and F' in which f and t,(f) 
have roots B and β΄ respectively. Let Καὶ and Κ' be the sub- 
Fields of E and E' generated over 1(F) and ''(F’) by B and β' 
respectively. Then there exists an isomorphism t, of K 
onto Κ΄ such that τι (β) = β' and 7,(i(a)) = t'(t(a)) for 
every element a of F. 


Proof. Let δ =r. According to Theorem 8.2, every 
clement of K can be expressed uniquely in the form 


r-1 

Σ, 1(a,)B* where ao, ..., a, are elements of F: similarly, 
k=0 
every element of K’ can be expressed uniquely in the form 


>. 1'(aj(B’)* where a}, ..., af, are elements of F’. The 
k=O 
mapping t, of K into K’ defined by setting 


Ρ-Ὶ 


τὶ ( Ἢ age) - Σ retary 


is easily seen to satisfy the requirements of the theorem. 


The assertion which we made just before the statement 
of the theorem follows at once if we take F = r,t = & 
the identity automorphism of F, and recall that isomorphic 
fields K and K’ may be regarded as “ essentially the 
same ”’, 

We sometimes put the conclusion of the theorem in 
pictorial terms by saying that it is possible to insert an 
arrow from K to K’ in the diagram in fig. 2 so that the 
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diagram becomes commutative. (Cf. Theorem 5.6.) if 
we identify F and F’ with their images under : and 1 
respectively, the condition on τὶ simply reduces to πὰ 
requirement that τι(α) = τ(α), 1.6., that t, shall act like 
t on the elements of F. We call τι an extension of τ. 

In the following examples 
we shall assume, as in § 8, that K κ' 
Q is identified with a subfield 
of R, that R is identified with a 


subfield of C and that all the ᾿ 

monomorphisms involved in ! 

the extensions considered are 

the appropriate inclusion τ ' 

monomorphisms. Per ee 
Example 1. Let f be the FiG, 2 


polynomial X°—2 in P(Q). ‘a 
We claim that f is irreducible in P(Q). For, if it were 
reducible in P(Q), at least one of its monic irreducible 
factors in P(Q) would be linear, say X-a; set ἃ = p/q 
where p and q are integers which have no common factor. 
Then ἃ is a root of X°—2; so we have p*/q?—2 = 0, 
whence p*/g = 2q, which is impossible unless g = 1, since 
if g # 1 the right hand member is an integer while the 
left hand member is not. Hence, if X*—2 is reducible 
in P(Q) it has an integral root. But this is impossible, 
since there is no integer whose cube is 2. So X°—2 is 
irreducible in P(Q). , 
The mapping ¢ of R into R defined by setting d(x) =x 
for all real numbers x is a continuous function; since 
(0) = 0 and ¢(2) = 8, it follows from a well-known result 
on continuous functions that there exists a positive real 
number ἃ such that φ(α) = αὐ = 2.¢ Since ¢ is an increas- 
ing function, « is the only positive real number with this 
property. 


t+ Hyslop, Real Variable, Theorem 28. 
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Consider now the polynomial f = X¥°—2 as a poly- 
nomial with coefficients in Q@(«): we have the decomposition 


f = X9—03 = (X-—a)(X74+0X+2’). 


Next, in the ring P(C) the quadratic factor decomposes 
further: 

X*?+aX+a? = (X—4}(-—1+i/3)a(X¥—-4(—1-i,/3)z). 
Thus in the field C the polynomial f has three roots, 
a, B = 4(—1+i,/3)%, » =4(-—1-i,/3)x. According to 
Theorem 10.2 there is an isomorphism τ of Q(«) onto 
Q(f) such that t(a@)=a for all rational numbers a 
and t(«) = β; and indeed all three fields Q(a), Q(f), 
Q(y) are isomorphic. Since f is irreducible in P(Q) these 
fields are all of degree 3 over Q. 

Example 2. The polynomial X*+1 is irreducible in 
P(Q) and has two roots, iand —i, in ©. Hence, according 
to Theorem 10.2, there is an isomorphism τ of Q(i) onto 
Q(—i) such that t(@) = a for all rational numbers a and 
t(i) = —i; this is given by t(a+bi) = a—bi for all elements 
a+bi of Q(i). The fields Q(j) and Q(—i) are in fact the 
same field; so τ is actually an automorphism of Q(i), 


Theorem 10.1 assures us that it is always possible to 
construct an extension of a field F in which a given irreducible 
polynomial f of P(F) has a root. Before we can drop the 
word “ irreducible ” from this assertion we must interpolate 
the following theorem which allows us to say that every 
polynomial has an irreducible factor. 


THEOREM 10.3. Let F be a field and let f be a non-constant 
polynomial in P(F). Then there exist an element a of F 
and a finite set { f,, ..., [Ὁ of non-constant monic irreducible 
polynomials in P(F) such that f = af,f,...f,. 

Note. To be quite precise we ought to write 
f = x@pfif2...f, where x is the canonical monomorphism 
of F into P(F). 
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Proof. We proceed by induction on the degree ἢ of 
the polynomial /. 

Ifm = 1, so that f = aX+b, where a and b are elements 
of F and a is non-zero, we may write f = a(X+a™*b). 
Since ¥+a™'b is irreducible, the desired result is established 
in this case. 

Suppose now that we have established the result for all 
polynomials of degree less than k. Let f be a polynomial 
of degree k. If f is itself irreducible, with leading co- 
efficient a, let f, be the monic polynomial obtained on 
dividing all the coefficients of f by a. Then f, is irreducible 
and f = af, is an expression of the required form. On 
the other hand, if f is reducible, there exist polynomials g 
and A such that f = gh and ag, dh<k. According to the 
inductive hypothesis there exist elements b, c of F and 
finite sets {g,, ..., gs}, {hy, .-., 4,} of non-constant monic 
irreducible polynomials such that g = 5g192.--9s and 
h = chyhy...h, Thus f = (bc)g,...g,/,..-4,, which 15 again 
an expression of the desired form. 

This completes the induction. 


Our next theorem includes as a special case the result 
that the monic irreducible factors/,, ..., f, of f, whose exist- 
ence is assured by Theorem 10.3, are uniquely determined 
by f apart from their order. 


THEOREM 10.4. Let F bea field and let f and g be monic 
polynomials in P(F) such that g is a factor of f. If f = {ι...} 
where f,, ..., f. are non-constant monic irreducible poly- 
nomials in P(F), then every non-constant monic irreducible 
factor of g in P(F) belongs to the set { f,, .... fr} 


Proof. Suppose g, is a non-constant monic irreducible 
factor of g in P(F); say g =g,h,. Then, if f = gh, we 
have f = g,h,h. 

Let us suppose that g, does not belong to the set 
{Προς f,}. Then the highest common factor of g, and 
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each of the polynomials f;, ..., f, is the identity polynomial 
e. Hence, according to Theorem 5.2, there exist pairs of 
polynomials a,, b, in P(F) such that 

ag, +b, Κα =e (k = l, 2, "νὰ 7). (10.1) 


Let (£, 1) be an extension of F in which 1p(g,) has a root 
α; as usual we shall identify P(F) and its image under 1p 
in P(£). Applying the substitution epimorphism ¢, to 
each of the equations (10.1), we obtain 
e = 0,(€) = 6,(4,)0,(9;) + o,(b,)o.{ fi.) 
= Oy )O. Sy) (k ve I, 2, ὅσο. r). 

It follows that o,(f,) is non-zero (kK = 1, 2, ..., 2) and 
hence that o,(f) = o,(f;)...0,(f,) is non-zero. But since 
J = gihyh, we have o,(f) = 6,(g1)o,(hyh) = 0. 

So we have reached a contradiction, and hence g, 
belongs to the set { f,, ..., f,} as asserted. 


_If'we take g = f in Theorem 10.4 we obtain the unique- 

ness result mentioned before the statement of the theorem. 

We are now in a position to drop the hypothesis of 
irreducibility in Theorem 10.1. 


THEOREM 10.5. Let F be a field, f any non-constant 
polynomial in P(F), not necessarily irreducible. Then there 
exists an extension (E, 1) of F such that 1,(f) has a linear 
factor 1, in P(E). Further, the degree of (F)(«) over F 
is at most of. 


Proof. ff is irreducible in P(F) this is simply a restate- 
ment of Theorem 10.1; in this case the degree of 1(F)(a) 
over F is exactly éf. 

If, however, f is reducible in P(F), let f, be a non- 
constant irreducible factor of f in P(F). Then, according 
to Theorem 10.1, there exists an extension (Ε, 1) of F such 
that ip(/,), and hence of course :p(f) also, has a linear 
factor /, in P(E). In this case the degree of 1(F)(«) over 
F is δῇ, which is less than éf. 
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§ 11. Splitting fields. Let K be a field, p a polynomial 
in P(K). We say that the polynomial p splits completely 
in P(K) if all its non-constant irreducible factors in P(X) 
are linear, i.e., if there exist elements «, o,, .... % of Καὶ 
such that 


p = a(X —a,)(X --α,).. (Χ —a,) = al, I, .- bey: 


Now let F be a field, f a polynomial in P(F). An extension 
(K, 1) of F is called a splitting field for f over F if (1) 1 ρί 1) 
splits completely in P(K) and (2) ip(f) does not ‘split 
completely in P(£) where E is any subfield of K containing 
(ΕἸ other than K itself. Clearly K is generated over 1(/) 
by the roots of zp(f) in K. 

In Theorems 10.1 and 10.5 we saw how to construct 
an extension of a field F in which a given polynomial in 
P(F) splits off one linear factor; our next theorem shows 
how, by repeated application of this procedure, we may 
construct an extension in which the polynomial splits 
completely into linear factors. 


THEOREM 11.1. Let F be a field, f a non-constant poly- 
nomial of degree n in P(F). Then there exists a splitting 
field (K, 1) for f over F, and the degree of K over F is at 
most n}. 


Proof. According to Theorem 10.5 there exists an 
extension (Εἰ, 1,) of F such that (7;)p(f) has at least one 
linear factor in P(E£,) and the degree of Εἰ over F 15 at 
most 7. | 

We now proceed inductively. Let r be any integer, 
l<r<n, and suppose we have constructed an extension 
(E,, 1,) of F such that (7,)p(f) has at least r linear factors 
in P(E,) and the degree of E, over F is at most 


n(n—1)...(n—r+1). 
If (1,)p( f= κοΐ, J” in P(E,), we have of ' ΞΞ ΠΡ, and 
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so, according to Theorem 10.5, there is an extension (E, , ;,1’) 
of £, such that 1,(/’) has at least one linear factor in 
P(E,.;) and the degree of E,,, over E, is at most n—r. 
Let i,,, be the mapping of F into E,,, defined by setting 
1,4 ;(@) = 1'(i,(a)) for every element a of F. Then it is 
clear that (E,.;, 7,41) isan extension of Fsuch that (1,,,)p(f) 
has at least r+1 linear factors in P(E,,,) and the degree of 
E,+, over F is at most n(—1)...(n—r). 

Thus after steps we obtain an extension (E, 1) = (E,, 1,) 

of a such that 1p(f) has nm linear factors —I, iy sey ly Say 
—in P(E) and the degree of E over F is at most n!. Let K 
be the subfield of E obtained by adjoining αι, ..., α, to 
(F). Then (K, 1) is a splitting field for f over F and the 
degree of K over F is at most n!. 
. If (K, 1) is a splitting field over F for a polynomial f 
in P(F) we may deduce from Theorem 10.4 that the monic 
linear factors of ip(f) in P(K) are unique apart from their 
order, and also that, if g is any factor of f in P(F), 1p(g) 
splits completely in P(X) and its monic linear factors (and 
hence its roots) are among those of rp(f). 

We now prove an analogue of Theorem 10.2 for splitting 
fields, which establishes in effect that all splitting fields 
of a polynomial are isomorphic. 


THEOREM 11.2, Let F and Γ΄ be fields, t an isomorphism 
of F onto F’ and tp the canonical extension of τ to P(F). 
Let J be a polynomial in P(F). If (K, 1) and (K’, 1’) are 
splitting fields for f and τρί [) over F and F' respectively, 
then there exists an isomorphism τι of K onto Κ' such that 
t,(1(@)) = 1'(x(@)) for every element a of F. 

Proof. We shall identify F and F’ with their images 
(F) and 1(F’) in K and K’ respectively. The condition 
on the required isomorphism t, then simply reduces to 
the requirement that τι shall act like the given isomorphism 
t on the elements of F; as usual in this situation we shall 
call τῇ an extension of τ. 


| 
i 
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Suppose that in P(K) we have the factorisation 
{= a(X—a,)(X—a2)...(X—«,). (11.1) 
We shall proceed by induction on the number n of roots 
a; of f in K which do not belong to F. 

If » = 0, then all the roots αἱ belong to F and hence 
the splitting (11.1) actually occurs in P(F) itself: so F is 
itself a splitting field for f over F, ie, K=F. In this 
case when we apply the isomorphism tp to the equation 
(11.1) we obtain 

τρί f) = t(a)(X— t(%,))(X— t(&2))...(X— t(x,)). 
Hence t,(f) splits completely in P(F’): so Γ΄ is a splitting 
field for tp(f) over F’, ic., Κ' = F’. Thus in this case 
t is itself the required extension of τ to the splitting field. 

Next suppose that there are k>0 roots a, of f in αὶ 
but not in F. We make the inductive hypothesis that, 
for every polynomial with coefficients in a field E which 
has fewer than k roots outside EZ in a splitting field L 
containing E, we can extend every isomorphism of E to 
an isomorphism of the splitting field L. 

The irreducible factors of f in P(F) are not all linear— 
otherwise all the roots of f would belong to F and we are 
supposing that this is not the case. So let f, be a non-linear 
irreducible factor of fin P(F). Then tp(f;) is an irreducible 
factor of tp(f) in P(F’). As we remarked above (just 
before the statement of the present theorem) the roots of 
ΤᾺ in K are included among the roots «; of f in K: say 
a, isa root of f; in K. Similarly one of the roots of τρί 7) 
in K’, say B,, is a root of τρί ἢ) in K’. According to 
Theorem 10.2 there exists an isomorphism τ΄ of F(#,) onto 
F'(B,) which acts like τ on F. 

Now K and K’ are clearly splitting fields for f and 
τρί f) over F(x,) and ΕἼ.) respectively; but f has fewer 
than k roots in K outside F(x,). Hence, by the inductive 
hypothesis, there exists an isomorphism t, of K onto Κ΄ 
which acts like τ΄ on F(«,) and hence like τ on F. 
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The various fields involved in the proof of this theorem 
and the mappings between them are illustrated in the 
diagram of fig. 3, where the unlettered arrows denote 
inclusion monomorphisms and the diagram is commutative 

in the sense described after 
τ' Theorem 5.6, 

A, erent ἡ We now give some ex- 
amples of the construction of 
splitting fields for polynomials 

: with rational number coeffi- 
F(z,) ———»_—«F'(B,)_ cients. As usual, we shall 
assume that the field Q of 

f | rational numbers is identified 
with a subfield of the field R 

of real numbers, that R is in 
Fic, 3 turn identified with a subfield 

of the field C of complex 

numbers and that all the monomorphisms of the extensions 
considered are the appropriate inclusion monomorphisms. 


Example 1. X?-2X+1. 

Since X?—2X+1 = (X—1) already splits completely 
in P(Q) it follows that Q is itself a splitting field over Q 
for this polynomial. 


Example 2. X?—X+1. 
This polynomial splits completely in the polynomial 
ring P(C): 


X?—X+1 = (X-4(1+i/3)(X-4(1-iY3)). 


To obtain a splitting field, however, we need only take 
the subfield of C obtained by adjoining to Q the two 
complex numbers 4(1+i,/3) and 4(1—i/3). But this 
subfield may be obtained equally well by adjoining the 
single complex number i,/3; so Q(i,/3) is a splitting field 


‘ 
| meee at κ' 
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for X?—X+1 over Q. First of all we know that i//3 is 
not a rational number, since its square is negative; 50 
Q(i,/3) 4 Q, and hence (Q(i,/3): Q)>1. Next ἐν 3 is ἃ 
root of the second-degree polynomial X*+3 in P(Q); 
hence (Q(i,/3): Q)S2. It follows at once that 


(Q(i,/3): Q) = 2. 


Example 3. X*—2. wipe 

We have already seen in Example | of § 10 that there is 
a unique positive real number « such that α΄ = 2, that 
(Q(a): Q) = 3 and that in P(C) we have the decomposition 


X32 = (X—a)(X¥—-H(—1+i/3)a)(X—-4}(—1—i/3)o). 


From these remarks it follows easily that K = Q(a, i,/3) 
is a splitting field for X°—2 over Q. 

We proceed to determine its degree over Q. Since 
i,/3 is a root of the second-degree polynomial X°+3 in 
P(Q(a)) it follows that (K: Q(a))S2. If we can show that 
i,/3 does not belong to Q(q) it will follow that (K: Q(@)) = 2. 
Suppose, to the contrary, that i/3 does lie in Q(@); then, 
according to Theorem 8.2, there are rational numbers a, 
b, c such that i/3 = a+bu+ca*. Squaring this equation 
we obtain 


—3 = a? +b?0? +07a* + 2aba+ 2Ροχ + 2cax* 
= (a? +4bc) + (2c? +2ab)x+(b? +2ca)z’. 


Since {1, «, «?} is a basis for Q(«) over Q (Theorem 8.2), 
it follows that 

ae+4be = —3, c?+ab = 0, b?+2ca = 0. 
Neither } nor c is zero, since otherwise we should have 
a* = —3, whichis impossible. Then ab = —c* is negative, 


so a and b have opposite sign; similarly a and ¢ have 
opposite sign. Thus ὃ and ὁ have the same sign. But this 
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implies that —3 = a*+4bc is positive, and this is a contra- 
diction. Hence (K: Q(x)) = 2 and so 


(K: Q) = (K: Q(a))(Q(@): Q) = 6. 

Example 4. X*—2, 

As in Example 1 of ὃ 10 we can show that there is a unique 
positive real number « such that αὖ = 2; so we begin by 
considering the subfield Q(a) of R. We claim that Ο(α) 
has degree 4 over Q. To this end we remark first that «? 
is a root of the polynomial ¥?—2, which is irreducible in 
P(Q) (the irreducibility follows from an argument similar 
to that for X¥*—2 in Example 1 of ὃ 10). Hence 


(Q(«?): Q) = 2, 


and {1, αὖ} is a basis for Q(a”) over Q. Next, « is a root 
of the second-degree polynomial X?—«? in P(Q(a?)); so 
(Q(x): Q(a*))<2. If we can show that x does not belong 
to (αὖ) it will follow that (Q(x): Q(a?)) = 2. So suppose, 
to the contrary, that « belongs to Q(x’). Then there exist 
rational numbers a and b such that α = a+bx?, whence 
α΄" = a*+2aba*+b?a* = a? +2b?+2aba?. It follows that 
αὐ +2b* = 0 (whence a = ὃ = 0) and 2ab = 1; this is, of 
course, a contradiction. So (Q(x): Q(«*)) = 2 and hence 
(Q(x): Q) = 4. 

Consider now the polynomial X¥*—2 as a polynomial 
with coefficients in Q(~): we have the decomposition 

X*—2 = χ --οΟἰ = (X¥—a)(X+a)(X? +27), 
Next, in the ring P(C), the quadratic factor splits com- 
pletely: 
X? +47 = (X—ai)(X+ai). 

It now follows easily that K = Q(z, i) is a splitting field 
for X*—2 over Q. 

To determine the degree of K over Q we remark first 
that since i is a root of the second-degree polynomial 
X?+1 in P(Q(a)) we have (K: Q(«))<2. But i does not 
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belong to Q(x), since Q(«) is a subfield of R and / is not 
a real number. Hence (K: Q(«)) = 2 and so (K: ΟἹ = 8. 


§ 12. Algebraically closed fields. Let C be a field and 
consider the following four properties which C may enjoy: 


C1. Every non-constant polynomial in P(C) has at 
least one root in C. 


C2, Every non-constant polynomial in P(C) splits 
completely in P(C). 


C3. Every non-constant irreducible polynomial in 
P(C) is linear. 


C4. If (E, 1) is an algebraic extension of C then 1 is 
an isomorphism, i.e., (C) = E. 


It is easy to convince oneself that these four properties 
are equivalent; a field which enjoys one (and hence all) 
of them is said to be algebraically closed. It is proved in 
the theory of functions of a complex variable that the 
field C of complex numbers is algebraically closed.t 
Although this result is traditionally known as the Funda- 
mental Theorem of Algebra, it is essentially a theorem of 
analysis, and is certainly by no means fundamental to 
modern algebra. 

Let F be a field. An extension (C, 1) of F is called an 
algebraic closure of F if it is both algebraic over F and 
also algebraically closed. Roughly speaking, an algebraic 
closure of a field is a “smallest”’ algebraically closed 
extension. For, if (C, 1) is an algebraic closure of F and 
K is a subfield of C, distinct from C, containing i(F), 
there exists an element a of Cnotin K. Since a is algebraic 
over 1(F) it is algebraic over K and its minimum polynomial 
over Καὶ is a non-linear irreducible polynomial in P(K); so 
K is not algebraically closed. 


+ Phillips, Functions of a Complex Variable, p. 113, Example 15. 
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The terminology just introduced must be distinguished 
carefully from the “ relative”’ terminology of ὃ 9. One 
may make the distinction informally by saying that a 
subfield F of £ is relatively algebraically closed in Ε if it 
has no algebraic extensions in £, while a field C is algebraic- 
ally closed if it has no algebraic extensions at all (except 
for “ trivial ” extensions, i.e., fields isomorphic to C). 


THEOREM 12.1. An algebraic extension (C, 1) of a field 
F is an algebraic closure of F if and only if every non-constant 
polynomial in P(1(F)) splits completely in P(C). 


Proof. Let us identify F and «(F), so that we may 
consider F as a subfield of C and P(F) as a subring of 
P(C). 

if C is an algebraic closure of F then it is algebraically 
closed and so every non-constant polynomial in P(C)— 
and hence every non-constant polynomial in P(F)—splits 
completely in P(C). 

Conversely, suppose that every non-constant poly- 
nomial in P(F) splits completely in P(C). We shall show 
that C is algebraically closed. So let f be a non-constant 
polynomial in P(C). According to Theorem 10.5 there 
exists an extension (K, 2’) of C such that z)(/) has a root 
ain K, We shall identify C and 1'(C), so we may say that 
f has a root «in K. Let L be the subfield of C generated 
over F by the coefficients of f; since all these coefficients 
are algebraic over F, it follows from Theorem 9.2 that the 
degree (L: F) is finite. Since « is a root of the polynomial 
f in P(L), the degree (L(a): LZ) is also finite. Hence 
(L(a): F) = (L(@): LL: ΕἸ is finite, and so, by Theorem 
9.1, ἃ is algebraic over F—say ἃ is a root of the polynomial 
4 in P(F). By hypothesis, g splits completely in P(C) 
and hence all its roots lie in C. In particular, « belongs to 
C. Thus f has at least one root in C and hence C is 
algebraically closed. 
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In Theorem 10.5 we showed how to construct an 
extension of a field F in which a given polynomial with 
coefficients in F had at least one root; in Theorem 11.1 
we did even better, by constructing an extension in which 
the given polynomial split completely. An algebraic 
closure of F is clearly better still, for in an algebraic closure 
not only a single given polynomial but every polynomial 
with coefficients in F splits completely. We ought now to 
prove existence and “‘ essential uniqueness "ἢ theorems for 
algebraic closures analogous to those of §§ 10 and 1]. 
These theorems are in fact true, but unfortunately the 
set-theoretic machinery involved in their proofs (transfinite 
induction or some equivalent procedure) is beyond the 
scope of this book. We content ourselves with the state- 
ments of the results. 


THEOREM 12.2. Let F be any field. Then there exists 
an algebraic closure (C, 1) of F. Further, if t is an iso- 
morphism of F onto a field F’ and (C’, 1') is an algebraic 
closure of Ε΄", there exists an isomorphism τι of C onto C’ 
such that t,(i(a)) = 1'(t(a)) for every element a of F. 


The second part of Theorem 12.2 is a special case of 
the following result which we also state without proof. 


THEOREM 12.3. Let F be a field, (C, 1) an algebraic 
closure of F, (E, 1') any algebraic extension of F. Then 
there exists a monomorphism p of E into C such that 
p(i'(a)) = 1(a) for every element a of F. 


If we identify E with its image under p we may sum- 
marise Theorem 12.3 by saying that every algebraic 
extension of F can be “‘ embedded ”’ in an algebraic closure 
of F, 


§ 13. Separable extensions. Let F be a field, f a poly- 
nomial with coefficients in F. Let (K, 1) be a splitting 
field for f over F. We shall identify F with :(F) in the usual 
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way and shall consider F as a subfield of K and P(F) as a 
subring of P(K). For each root « of f in K we define the 
multiplicity k, of « to be the largest of the integers k such 
that (¥—«)* is a factor of fin P(K). If k, is greater than 1 
we say that « is a repeated root of f. Clearly a is a root of 
f with multiplicity k, if and only if there exists a polynomial 
g in P(K) such that f = (Y¥—a)*g and o,(g) τὸ 0. 

If tf has leading coefficient a and roots a, ..., «, With 
multiplicities Κι, ..., k, respectively then f splits into factors 
in P(K) in the form 


f = «(Χ--αὐμ( --α,)}5.. (Χ —a,)*. 
Fr 
From this we deduce that δ᾽ k; = Of; this result is usually 
i= 
expressed by saying that “‘ when the roots are counted in 
their multiplicities a polynomial of degree nm has n roots 
in a Splitting field. This implies, of course, that a poly- 
— of degree ἢ" cannot have more than n roots in any 
eld. 
We now give a criterion which allows us to determine 
whether a given polynomial has any repeated roots. 


THEOREM 13.1. Let f be a polynomial with coefficients 
ina field F. Let h be the highest common factor of f and 
its derivative Df. Then f has a repeated root in a splitting 
field if and only if ch is positive. 


Proof, (1) Suppose f has a repeated root α of multi- 
plicity k (k>1) in its splitting field K. Then there is a 
polynomial g such that f = (X—2a)*g and o,(g) #0. 
Computing the derivative of f according to the rules in 
§ 5, we have 

Df = (X—«)*Dg +k(X—«)*~'g. 


So o,( f ) = σι( Df )=0. Thus f and Df, which are both 
polynomials in P(F), are multiples in P(F) of the minimum 
polynomial of « over F. That is to say, f and Df have a 
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non-constant common factor in P(F); hence dh is positive. 

(2) Conversely, suppose dh is positive. Since A is a 
non-constant factor of f it splits completely in P(X) 
and each of its linear factors in P(K) is also a factor of f 
and Df in P(K). Let X—« be one of those factors; we 
shall show that « is a repeated root of f. Suppose, to the 
contrary, that the multiplicity of « as root of f is 1. Then 
we can write f = (X—a)g where o,(g) #0. We then have 
Df =g+(X—«)Dg, whence o,Df) = og) #0, which 
ig a contradiction, since X—« is a factor of Df. Thus α 
is a repeated root of f as asserted. 


We notice that although the roots of f lie in the splitting 
field K, we may decide whether any of the roots is repeated 
by means of a procedure carried out entirely in P(F). 


Coro.iary. If Fhas characteristic zero then no irreducible 
polynomial in P(F) has a repeated root in a splitting field. 
If F has non-zero characteristic p an irreducible polynomial 
in P(F) has repeated roots in a splitting field if and only if 
it has the form ay+a,X?+a,X7?+...+4,X""(nZ 1), where 
Ap, Ay, «+-5 4, are elements of F. 


Proof. Let f be an irreducible polynomial in P(F). 
If its derivative Df is not the zero polynomial z, the highest 
common factor of f and Df is the identity polynomial e; 
hence f has no repeated roots. On the other hand, if 
Df = z, f is itself the highest common factor of f and 
Df; hence, if f is non-constant, it has repeated roots in 
a splitting field. The result now follows at once from 
our characterisation in Theorem 5.3 of the polynomials 
in P(F) which have zero derivative. 


An irreducible polynomial with coefficients in a field F 
is said to be separable if it has no repeated roots in a 
splitting field; an arbitrary polynomial is said to be 
separable if all its irreducible factors are separable. (We 
notice that a separable polynomial may itself have repeated 


F 
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roots in a splitting field: but its irreducible factors do not. 
For example, if a is any element of F, the polynomial 
(X—a)* certainly has a repeated root, but it is separable 
since its only irreducible factor ¥—a does not.) Poly- 
nomials which are not separable are naturally said to be 
inseparable. A field F is said to be perfect if there are no 
inseparable polynomials with coefficients in F. 

Let F be a subfield of a field E. An element « of E 
which is algebraic over F is said to be separable over F 
if its minimum polynomial m,.,; over F is separable and 
inseparable over F if m,., is inseparable. An algebraic 
extension (£, 1) of a field F is called a separable extension 
if every element of E is separable over i(F). 

The following theorem provides us with a useful tool 
for our investigations of perfect fields and separable 
extensions. 


THEOREM 13,2. Let F be a field of non-zero characteristic 
P, £ an algebraic extension of F containing F, « an element 
of E. If « is separable over F(x"), then « actually belongs 
to F(a). 

Proof. Let us write F, = F(a”), 

Let m be the minimum polynomial of « over F,; by 
hypothesis, m is separable. Since « is a root of the poly- 
nomial X¥’—«? in P(F,), it follows from Theorem 8.2 that 
m is a factor of X’—«? in P(F,). In P(E) we have the 
decomposition X?’—a? =(X—«a)’. So, according to 
Theorem 10.4, we may deduce that m is a power of X—w. 
But since m is a separable irreducible polynomial it can 
have no repeated roots; hence m = Y—«a, Since m is 
in P(F,) it follows that « belongs to F, as required. 


Our first application of Theorem 13.2 is to give a 
criterion for a field to be perfect. 


THEOREM 13.3, All fields of characteristic zero are 
perfect, A field F of non-zero characteristic p is perfect 
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if and only if every element of F is the pth power of some 
element of F. 


Proof. The first statement follows at once from the 
Corollary to Theorem 13.1. | 

Let now F be a field of non-zero characteristic p. 

(1) Suppose F is perfect. Let a be any element of F; 
we claim that there is an element ἢ in F such that a = δ, 

Let f be the polynomial X¥’—a. According to Theorem 
10.5 there exists an extension (Ε, 1) of F such that 1p(f) 
has a root a in E. We shall identify F and x(F) in the 
usual way; then « = α and so F(a’) = F(a) = F. Since 
F is perfect, « is separable over F and hence, by Theorem 
13.2, « actually belongs to F, and since αὖ = a, ἃ is the 
required element b, ΕΣ 

(2) Conversely, suppose that every element of F is the 
pth power of an element of 1. 

Suppose there is an irreducible polynomial f in P(F) 
which has repeated roots in a splitting field. Then, accord- 
ing to the Corollary to Theorem 13.1, f has the form 
Ag +a, ΧΡ +a,X??+...+a,X"", where do, ..., a, are elements 
of F. By hypothesis, there exist elements bo, ..., b, of F 
such that a, = b?(i= 1, ..., m). Hence, since F has 
characteristic p, f = (bo +b,X+b,X’+...+b,X")? and so 
is not irreducible. This is a contradiction; so it follows 
that no irreducible polynomial in P(F) can have repeated 
roots in a splitting field. Thus all irreducible polynomials 
—and hence all polynomials—in P(F) are separable; that 
is to say, F is perfect. 


COROLLARY. Every finite field is perfect. 


Proof. Let F be a finite field of characteristic p; p is 
of course non-zero (Corollary to Theorem 3.2). We saw 
in Theorem 3.3 that the mapping z of F into itself defined 
by setting 2(x) = x? for all elements x of F is one-to-one. 
Hence the number of images under z in F is equal to the 
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number of elements of F. That is to say, every element 
of F is an image under π, 1.e., is the pth power of some 
element of F. The result now follows from Theorem 14.3. 


Our next statement is an immediate consequence of 
the definition of a separable extension. 


THEOREM 13.4. Let D be an algebraic extension of a 
subfield F, E a subfield of D containing F. If D is a separable 
extension of F, then E is a separable extension of F and D 
is a separable extension of E. 


Proof. The first statement is obvious. 

Let now « be any element of D, m, and m, the minimum 
polynomials of « over F and E respectively. Then με 
is a factor of m,; in P(E). Since ἃ is separable over F, mg 
is a separable polynomial; hence so also is my. Thus ἃ 
is separable over £. It follows that D is a separable exten- 
sion of E as asserted. 


We now propose to establish the converse of Theorem 
13.4, at least for extensions of finite degree. To this end 
we shall first obtain a necessary and sufficient condition 
for an algebraic extension to be separable. Since all 
algebraic extensions of fields of characteristic zero are 
separable (Theorem 13.3), we can concentrate our attention 
on fields of non-zero characteristic. 

So let Ε be an extension of finite degree over a subfield 
F of non-zero characteristic p. Let z be the monomorphism 
of E into itself defined by setting x(x) = x? for every 
element x of Ε. We shall denote the image x(E£) of E 
under z by £”; this is a sensible notation, since πί Ε) is 
the subfield of E consisting of the pth powers of elements 
of Ε. Let L = F(Z”) be the subfield of E obtained by 
adjoining ΕΡ to F. Since E is a finite extension of F, so 
also is L and hence LZ can be generated over F by a finite 
subset of E?, say L = F(a?,...,0?), where «,, ..., @ are 
suitably chosen elements of E. 
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It follows from Theorem 9.1 that αὖ is algebraic over 
F, and so, according to Theorem 8.2, we can deduce that 
the elements of F(a?) can be expressed as polynomials in 
a? with coefficients in F. Similarly, since αὐ is algebraic 
over F and hence over F(a?), every element of F(«?, «) 
can be expressed as a polynomial in «§ with coefficients in 
F(a?), and so has the form 


¥ Σ' αι, αἴ ah! = ey d a; (ao)? 


with ἂρ in F, Proceeding in this way we see that every 
element of Z can be expressed as a finite linear combina- 
tion of elements of ΕΡ with coefficients in F. Of course 
all such linear combinations belong to L. Thus L consists 
precisely of those elements of E which can be expressed 
as finite linear combinations of elements of E? with co- 
efficients in F. 

We are now in a position to establish a new criterion 
for separability. 


THEOREM 13.5. Let E be an extension of finite degree 
over a subfield F of non-zero characteristic p. Then E is 
a separable extension of F if and only if F(E’) = Ε. 


Proof. As above, we shall write L = F(E*). 

(1) Suppose £ is a separable extension of F, 

Let « be any element of E. Then ἃ is separable over F 
and hence, by Theorem 13.4, over F(a”). According to 
Theorem 13.2, this implies that « belongs to F(«?), which 
is of course a subfield of L. 

Thus « belongs to L; hence E = L, as asserted. 

(2) Conversely, suppose that E = L. Set (E: F) =n. 

We show first that if {x,, ..., x,} is a subset of Ε linearly 
independent over F then so is {x{, ..., xR}. To this end we 
complete {x,, ..., x,} to a basis {x,, ..., X,} of £ over F 
(Theorem 4,4) and remark that then every element x of E 
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can be expressed in the form x = a,x,+...+4,X,, Where 
dy, ..., 4, are elements of F; then 


mx) = x? = afxit...takxt. 


It now follows from the remarks immediately before this 
theorem that every element of Z has the form 


b xit+... + b,,x?, 


where b,, ..., ὁ, are elements of F. Thus the set {xf, ..., x2} 
is a generating system over F for the n-dimensional vector 
space E(= 1), and hence (by Theorem 4.3) is linearly 
independent over F; hence its subset {x?, ..., x%} is also 
linearly independent as asserted. 

Let now « be any element of £. Since (Ε: F) is finite, 
it follows from Theorem 9.1 that « is algebraic over F; 
let m be the minimum polynomial of « over F. Suppose 
that m is inseparable; then, since m is irreducible, the 
Corollary to Theorem 13.1 shows that m has the form 


n= Co τῶ ΧΡ, ΧΡ. ees + oe Od 


where ¢p, ..., ὦ, are elements of F, not all zero, and rpSn, 
since rp = 0m = (F(a): F)S(E: F) = n. Thus we have 


Cot cya? +0207? +... +007? = 


so that the set fe, αν, αὖ, ..., «?} is linearly dependent 
over F. But since the set {e, a, ..., «"?~*} is linearly 
independent over F’ (Theorem 8.2), its subset {e, a, ..., αὐ} 
is linearly independent and hence, by the preceding para- 
graph, {e, αν, ..., «”?} is linearly independent over F. The 
hypothesis that m is inseparable has thus led to a contra- 
diction. 

It follows that E is a separable extension of ἢ, as 
asserted. 


We can now establish the converse of Theorem 13.4. 
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THEOREM 13.6. Let D be an extension of finite degree 
over a subfield F, E a subfield of D containing F. If E is 
a separable extension of F and D is a separable extension 
of E, then D is a separable extension of F. 


Proof. The result is clear when F has characteristic 
zero, since in this case all extensions are separable. 

So suppose that F has non-zero characteristic p. Then 
it follows from the first part of Theorem 13.5 that E = (ΕΝ 
and D = E(D"). Hence D can be obtained by adjoining 
E? and D’ to F; but since Ε is a subfield of D, ΕΡ is a sub- 
field of D’, and hence D is obtained simply by adjoining 
D? to F, i.e., D = F(D"). Hence, according to the second 
part of Theorem 13.5, D is a separable extension of F. 


We show next that if a field Εἰ is obtained by adjoining 
a finite set of elements {x,, ..., x,} to a subfield F then, 
in order to determine whether E is a separable extension 
of F, we do not have to examine every element x of E 
for separability over F: it is enough to examine the 
generating elements X;, ..., Χη» 


THEOREM 13.7. Let E be a field generated over a subfield 
F by a finite set of elements x,, ..., X, all of which are 
separable over F. Then E is a separable extension of F. 


Proof. Again the result is clear when F has character- 
istic zero; so we suppose that F has non-zero characteristic 


We proceed by induction on m. The result is trivially 
true when m = 0. So suppose we have established that if 
Xy5 s+oy Xp are separable over F, then E, = F(x, .... X,) 
is separable over ἢ. 

Let now xX,4, be an element of £ which is separable 


over F; set E.4, = Ex(%u41) = FO%y, .... Xg41)- We shall 
show that E,., = E,(ERf.;); to this end it is clearly 
sufficient to show that x,,, belongs to E,(Efs,). By 
hypothesis x,;, is separable over F and hence over 
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E,(xf+1); it then follows from Theorem 13.2 that x, 
actually belongs to E,(xf,,) and so to E,(Ef,,). Con- 
sequently £,,, is a separable extension of E, (Theorem 
13.5). According to the inductive hypothesis, E, is a 
separable extension of F; hence, by Theorem 13.6, F,., 
is a separable extension of F. 

Thus the induction is complete and the theorem 
established. 

COROLLARY. Let f be a separable polynomial with co- 
efficients in a field F. Then every splitting field of f over F 
containing F is a separable extension of F. 

Proof. This follows at once from the theorem, since 
each splitting field is obtained by adjoining to F all the 
roots of f, and these roots are all separable over F. 

In the remaining chapters of this book we shall be 
dealing exclusively with separable extensions. But, in 
order to show that inseparability really can occur, we 
conclude this section with an example of an inseparable 
polynomial. 

It follows from Theorem 13.3 and its Corollary that 
we cannot hope to find an inseparable polynomial with 
coefficients in a field of characteristic zero nor in a finite 
field. So we begin with the prime field Z, which has two 
elements and characteristic 2, and form F = R(Z,), the 
field of rational functions with coefficients in Z,—this is 
an infinite field of characteristic 2. We denote the poly- 
nomial (0, e, 0, 0, ...) in P(Z,) by X as usual, and regard 
X as an element of F. Now we consider the polynomial 
ring P(F) and denote the polynomial (0, e,-, 0, 0, ...) in 
P(F) by Y 

Let f be the polynomial Y*—X in P(F). We claim that 
f is irreducible in P(F). For, if it were reducible in P(F), 
there would be an element, 

- FotaiX Ἔ... TO» x’ Νὴ 


δοξδιχε..ὐ,Χ" 
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say, in F such that αὖ = X; then we would have 
az+a?X?+...4a2X" = X(bp+b7X?+...4+b5X"). 
Since X is transcendental over Z, in F, all the coefficients 
must be zero, which is impossible. Hence / is irreducible 


in P(F). 


But Df is the zero polynomial; so f is inseparable. 


Examples II 


1. Let F be a field, and identify F and the polynomial 
ring P(F) with subrings of the rational function field R(F) 
as described at the end of § 6. Show that when this 
identification is carried out we have R(F) = F(X), the 
simple extension generated over F by the polynomial ¥. 


2. Show that the only monomorphism of a prime field 
into itself is the identity automorphism. Deduce that if 
a field F is of finite degree over its prime subfield then 
every monomorphism of F into itself is an automorphism. 


3. Let 1, be the mapping of R(F) = F(X) into itself 
defined by setting 
: ποτα tn tk _ 4g+a,X"+...+4,X" 
"6 4B Xt OX) Dy tb Xe +... 4B R 
Show that 1, is a monomorphism of F(X) onto the subfield 
F(X") and that (F(X): F(X")) = n. (Contrast Example 2.) 


4, If F is a subfield of Ε and E is a subfield of K such 
that E is algebraic over F and Καὶ is algebraic over E, prove 
that K is algebraic over F. Deduce that the relative 
algebraic closure of a subfield F in a field L is relatively 
algebraically closed in L. 


5. Show that a field F, considered as a subfield of its 
field of rational functions R(F), is relatively algebraically 
closed in R(F). 
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6. Let F bea field, fa polynomial in P(F), not necessarily 
irreducible. As in the first two paragraphs of the proof 
of Theorem 10.1 we may define congruence of polynomials 
modulo f and construct the ring Εἰ of residue classes modulo 
jf. Show that a residue class modulo f has a multiplicative 
inverse in £ if and only if it consists of polynomials which 
are relatively prime to f. 


7. Let F and F’ be fields, t an isomorphism of F onto 
F’, tp the canonical extension of τ to P(F). Let f be a 
non-constant polynomial in P(F), not necessarily [Γ- 
reducible, and let (Ε, 1) and (Ε΄, 1’) be extensions of ἢ 
and Γ΄ in which f and τρί 7) have roots f and β΄ respectively. 
Identify F and F’ with their images under 1 and 7’ respectively. 
Show that there exists an extension t, of t to F(f) such that 
T,(f) = β΄ if and only if My p= Tp(Mp, Ε). 


8, Construct subfields of C which are splitting fields 
over Q for the polynomials ¥*—5X?7+6, X°-—1, X°-8, 
and find their degrees over Q. 


9. Let F be a finite field with elements a, = 0, a), ..., ad. 
By considering the polynomial 


a, +(X—ay)(X—a,)...(X— a) 
in P(F) show that F is not algebraically closed. 


10. If F is a subfield of an algebraically closed field C, 
prove that the relative algebraic closure of F in C is in 
fact an algebraic closure of F. Deduce that A and C are 
algebraic closures of Q and R respectively. 


11. Let f, and f, be polynomials with coefficients in 
a field F, « an element of F. If « is a root of f/,; and of ἢ 
with multiplicities k, and k, respectively, show that «& is 
a root of f,f, with multiplicity k,+k,. Let k be the 
multiplicity of « as root of f; +/,; show that k= min (k,, k) 
and that if k, # k, then k = min (k,, k,). 
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12. Let f be a monic irreducible polynomial in P(¥), 
where F is a field of non-zero characteristic p. Show that 
there exists an integer e=O such that f can be expressed 
in the form Σὰ, ΧΡ but not in the form 2b,X*?""’; show 
that the polynomial fy = £a,X’ is irreducible in P(F) 
and that it has no repeated roots in a splitting field. Let 
K, bea splitting field for fy over F containing F, K a splitting 
field for f over Ko containing Ko. If βι» ...»ὄ Bno are the 
roots of fy in Ky show that the roots of f in K are a, ..., 
a, Where a?” = B, (i=1, ..., Mo) and that each root of f 
has multiplicity p*. 


CHAPTER III 


GALOIS THEORY 


ἃ 14, Automorphisms of fields. Let K be a field, S any 
set, and let M(S, K) be the set of all mappings of S into 
Κ΄ We define an operation of addition in M(S, K): for 
every pair of mappings ¢,, ¢, in M(S, K) we define the 
mapping ¢,+¢, of S into K by setting 


(9, + φ2)(5) = $,(5)+¢2(5) 


for every element s of S. We also define an operation of 
multiplication of elements of M(S, K) by elements of K: 
for every element a of K and every mapping ᾧ in M(S, K) 
we define the mapping a@ of S into Καὶ by setting 


(αφ)(5) = ag(s) 


for every element s of S. It is easy to verify that, under 
the two operations we have defined, M(S, K) is a vector 
space over the field K. In this vector space it of course 
makes sense to talk of linear dependence and independence. 
Namely, the set {@,, ..., ¢,} of mappings of S into K is 
linearly dependent over K if there exist elements a,, ..., a, 
of Καὶ, not all zero, such that a,¢,+...+4,@, is the zero 
mapping ζ of S into K, i.e., such that 


4,9,(5) +... +4,6,(s) = ζ6) = 0 


for every element s of δ, Otherwise {@,, ..., @,} is linearly 
independent. With this introduction we are now in a 
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position to state and prove an important result due to 
Dedekind. 


THEOREM 14.1. Let E and K be fields. Every set of 
distinct monomorphisms of E into K is linearly independent 
over K, 


Proof. Since an infinite set is linearly independent if 
and only if every finite subset is linearly independent, we 
need only consider finite sets of distinct monomorphisms. 
We proceed by induction on the number nm of mono- 
morphisms in the set. 

First suppose » = 1. A set consisting of a single 
monomorphism τ of E into Καὶ is clearly linearly independent 
over K. For if at(x) = 0 for every element x of E we 
must have a = 0 (since t(x,) is non-zero for every non- 
zero element x, of £). 

Suppose next that we have established that every set 
consisting of fewer than kK monomorphisms of E into Καὶ 
is linearly independent. Let {t,, ..., t}} be a set of k 
distinct monomorphisms of E into K and suppose that 
there exist elements a,, ..., a, of K, not all zero, such that 


ἄτι +... +Q,T, = ζ. (14.1) 


Then none of the elements a,, ..., a, is zero: if, for example, 
a, = 0, (14.1) would imply that the set {t,, ..., T}-s} 18 
linearly dependent, in contradiction to our inductive 
hypothesis. Dividing (14.1) by the non-zero element 4, 
we obtain a relation of the form 


byt, Ἔ...Ἔδκ. τις Ἔ τὰ =f (14.2) 


with non-zero coefficients b,, ..., δι. in Καὶ, 

Since t, and t, are distinct monomorphisms, there 
exists an element x, of E such that 7,(x,;) τὸ %(%1); Χὶ 
is clearly non-zero. Then for every element x of E we 
have 


bit, (x x) +... +3,-,%-10614) + (%1x) = 0, 
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and hence, since τῇ, .... τὰ are monomorphisms, it follows 
that, for every element x of £, 


byt (Xy) ty (X) +. Ἐδκο 1 HX) - 10) + τιίχ )τι(χ) = 0. 
(14.3) 


We may divide (14.3) by the non-zero element 7,(x,) and 
so obtain the relation 


pe yp I eee GS 
T(x) T%}(X4) 


Subtracting (14.4) from (14.2) we obtain 


by (-- a) hae (-- tid), ἢ 


τιίχ!) 
(14.5) 


where e is the identity of K. Now x, was chosen in such 
a way that the coefficient of τ, in (14.5) is non-zero. Hence 
(14.5) shows that the set {t,, ..., t,~1} is linearly dependent. 
But this contradicts our inductive hypothesis. 
Thus the induction is complete and the theorem 
established. 
Let K be a field and let A be the set of automorphisms 
of K; we proceed to define a law of composition on A 
and shall show that A, equipped with this law of com- 
position, is a group. Namely, let τὶ and τῷ be auto- 
morphisms of K; then we define the mapping t,t, of 
K into itself by setting 
(τ, τ2)(.) = 7,(T2(x)) 
for all elements x of K. We claim that τι τῷ is an auto- 
morphism of K. First, let x and y be any two elements 
of K; then since τι and τ are homomorphisms, we have 
(τ, t2)(xy) = τι(τ,)(.})) = T(t 2(4)t2(9)) 
= 7(t2(x))t,(t20))) = (τ, τ,)ίαγ)ίτ, τ2)0})}; 
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SO TT, is a homomorphism of K into itself. Next we 
show that τι τῷ is one-to-one. Suppose that 


(t,72)(x) = (τ, τ2)0)); 


thus 7,(t2(x)) = t,(t2(y)), whence 12(x) = τῷ), and 
hence x = y, since τὶ and τῷ are both one-to-one. Finally 
we show that t,t, maps K onto K. Let z be any element 
of K; since t, is an epimorphism, there is an element y 
of K such that τι Ὁ) = z, and, since τ is an epimorphism, 
there is an element x of K such that t,(x) = y; thus 
z =(t,Tt.)(x). It follows that the mapping t,T2 is an 
automorphism of K; so we have actually defined a law 
of composition on A, 

We now show that A, equipped with this law of com- 
position, is a group. To this end we must first establish 
that the law of composition is associative; so let τι, τὰ, T3 
be elements of A, and x any element of K. We have 


((t,T2)t3)(X) = (τ, T2)(t3(X)) = τι (τγί(τ2(}))}), 
(τ, (τ; τ3)) ) = 1y((t2T3)(X)) = 71(72(73(4))); 


thus (t,T2)t3 = 7,(t2T3), i.e., the law of composition 15 
associative. The identity automorphism ¢ of K, defined 
by setting e(x) = x for all elements x of K, is clearly a 
neutral element for the law of composition. Lastly we 
must show that every element of A has an inverse relative 
to the law of composition. Let t be any element of A; 
since t is a one-to-one mapping of A onto itself, we can 
define a mapping t~* of K into itself by setting, for every 
element x of Καὶ, τ (x) = x’, where x’ is the unique element 
of K whose image under t is x. (There is at least one such 
element since t maps K onto K, and exactly one since t 
is one-to-one.) We claim that the mapping τ᾿ is an 
automorphism of K. It is clearly a one-to-one mapping 
of K onto itself; and it is a homomorphism, for if x and 
y are any two elements of K and t~'(x) = x’, τ᾽ Ὁ) Ξ γ΄, 
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then t(x'y’) = t(x’)t(y’) = xy and so we have 

τ᾿ '(.) = χγ' = τ᾿ 1(x)t770). 
It follows at once from the definition of τ that 
ττ τ +t 't Ξ εξ. Thus A, with the law of composition 
defined above, is a group; we call it the automorphism 
group of K. 

Let K, and K, be fields with a common subfield ἢ, 
Let τ be a monomorphism of K, into K,, x an element of 
Γι We say that τ acts like the identity on x or that τ leaves 
x fixed if t(x) = x; we say that τ acts like the identity 
on F, or leaves F fixed, if it leaves every element of F fixed. 
If t leaves F fixed we often call it an F-monomorphism; 
if t is an isomorphism of K, onto K, which leaves F fixed, 
we call it an F-isomorphism; in particular, if K, = Καὶ; 
and t is an automorphism of K, which leaves F fixed, we 
call t an F-automorphism. There is a point about this 
terminology which we must make quite clear: when we 
say that a mapping t is an F-monomorphism we are not 
asserting that the set of elements left fixed by τ is precisely 
F, but merely that F is contained in this set. 

Let G be a subgroup of the automorphism group of 
a field K; let Fy be the subset of K consisting of those 
elements of K which are left fixed by every automorphism 
in G. It is easily verified that Fy is a subfield of K; we 
call it the fixed field under G. 


THEOREM 14.2. Let G be a finite subgroup of the auto- 
morphism group of a field Κα, Fo the fixed field under G. 
Then the degree of K over Fy is equal to the order of the 
group G. 


linear equations with more unknowns than equations 
always has a non-trivial solution it follows that there exist 
elements y;, ..., ¥, of K, not all zero, such that 
t(xVit--- + TXpn = 0 (j= 1,...,m). (14.6) 
Let a be any element of K; then there exist elements 
Oy, «ες ἄμ Of Fo such that a = aX, +... ἜΧΩ» Multiply 
the equations (14.6) by a, .... ἅμ; remembering that 
a= τι(α!) ΞΞ τχία!) =. = τι(α)), we obtain 
T(x) ty (xpy1 Ἔ... Ὁ τι(α τιν» =0 (j=1,...,™). 
Since τι» ..., τη are automorphisms of K these equations 
may be written 
(4X) Ἔ...ἘῈ T (Xj XPVn = ἢ (j = l, “ον ἢ m). 


If we add these equations and recall that 
T (ot Xy) +... FT (%mXm) = TCX Ἐ... + OmXim) = τί(α) 


(im 1, .... ηἡ, 
we obtain the result that 


γιτι(α) Ἐ... +y,T,(a) = 0 


for every element a of K. Thus the set {t,, ..., τι} of distinct 
automorphisms of K is linearly dependent over K, contrary 
to Theorem 14.1. 

So we have established that (K: Fy)2n. τ 

Now suppose that (K: Fy)>n. Then there exists a 
set consisting of n+1 elements of K, {x,, ...» Xnti3 say, 
which is linearly independent over Fo. Further, since a 
system of m homogeneous linear equations with n+l 
unknowns always has a non-trivial solution, there exist 
elements };, ---; ¥n+1 Of Καὶ, not all zero, such that 


TAX Vit. + T%n+ ns = 0 () a7 I, κενῷ ἢ). (14.7) 


Let us suppose that the elements y;, ...» Va+1 are SO chosen 
that as few as possible are non-zero; that is to say, if 


G 


Proof. Suppose G has order nm; let τὶ = δ, To, ..., Τῇ 
be the elements of G. The proof proceeds in two stages: 
we prove first that (K: F,)2n and then that (K: Fy)Sn. 

First suppose that (K: Fy) = m<n. Let {x,, ..., X,} 
be a basis for K over Fy. Since a system of homogeneous 


88 INTRODUCTION TO FIELD THEORY § 14 
Ζ1» «++» Zq44 are elements of K, not all zero, such that 

TAX )Zy +--+ TX 41 )2n 41 = 0 (j _ l, easy n), (14.8) 
then there are at least as many non-zero elements among 
21, ἐς Saat as there are among {y;, ..., Vari} By 
suitably renumbering we can arrange matters in such a 


way that y,, ..., y, are non-zero and y,,,, ..., Yaz, are 
zero. 


The equations (14.7) now become 
T{Xp)¥p t+... +t(x%)y = 0 (j= 1, ..., 7). 


Dividing by y, and setting y; = y,/y, (i= 1, ..., r—1) we 


obtain 


TAX) +... Ἐτίχ,. )Vi-1+tfx,) =0 (fj =1,..., 2). 
(14.9) 


Since τὶ = δ, the identity automorphism, the first of these 
equations is simply 


Xppit... Fx =~1)p-1 +X,= 0. (14.10) 


It follows that the elements yj, ..., yf; do not all belong 
to Fo; if they did, (14.10) would imply that {x,, ..., x,} 
is linearly dependent over Fy. Suppose y; does not belong 
to Fo. (We have shown, incidentally, that r #1; for 
if r = 1, (14.10) reduces to x, = 0, which is impossible, 
since x, belongs to a linearly independent set.) 

Since yy does not belong to Fo it is not left fixed by 
all ee automorphisms in G: thus there exists an auto- 
morphism—say t,—in G such that t.(y}) # ν΄. 
tT, to all the equations (14.9): we cae BP 


(tot 1 )t20V4) +... + (τγτ)(χ,.-- )τχ;...) + (Fat (x,) = 0 


(j =1,....2). (14.11) 
Since G is a group, the set {t,t,, t2T2, ..., T2T,} coincides 
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with the set {t,, τῷ, .... ταὶ, though the order of the elements 
will be different.t So equations (14.11) may be rewritten 


t(X1)t2(V4) ++ FT (X-— 1) T207-1) τάχ) = 9 
(j=1,...,m). (14.12) 
Subtracting (14,12) from (14.9) we have 
τάχ) ΟἹ — T7201) Ἑ..«Ἐτ͵|,- DOr-1 —T,(y;-,)) =9 
(j = 1,..., 7m). 


If we set z;= yj—t.(y) (i=1, .... r-1), and ζι =0 

(i=r, .... n+1), then z; #0 and so 2, ..., Ζηει are 

elements of K, not all zero, satisfying (14.8), but with 

fewer than r non-zero elements among them. This, 

however, contradicts our choice of the set {¥, ..-. Va+1}- 
Hence (K: Fy) = n, as asserted. 


§ 15. Normal extensions, Let (K, 1) be an algebraic 
extension of a field F. We shall identify F with its image 
under 1; so we consider F as a subfield of K and regard 
polynomials with coefficients in F as polynomials with 
coefficients in K. We say that K is a normal extension 
of F if every irreducible polynomial in P(F) which has one 
root in K splits completely in P(X). The following theorem 
shows that normal extensions of finite degree are easily 
constructed. 


THEOREM 15.1. Let K be an algebraic extension of 
finite degree over a subfield F. Then K is a normal extension 
of F if and only if K is a splitting field over F of some poly- 
nomial in P(F). 

Proof. (1) Suppose K is a normal extension of ἢ. 

Let {x,, ..., x,} be a basis for K over F, and let m,, 

...,m, be the minimum polynomials of x, ..., x, respectively 


+ L.F.G., Chapter II, Lemma 1. 
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over F. Each of the polynomials m,; has a root—namely 
x;—in K, and hence, since K is a normal extension of F, 
each of these polynomials splits completely in P(K). Let 
f = m,m)...m,; then f splits completely in P(K). Now 
let E be any subfield of K containing F such that f splits 
completely in P(E). Then x,, ..., x, belong to E, and 
hence £ coincides with K. Thus KX is a splitting field over 
F of the polynomial f. 

(2) Conversely, suppose K is a splitting field over F 
of a polynomial f in P(F), which we may, without loss of 
generality, suppose to be monic. Then K = F(a,, ..., %) 
where a, ..., & are the roots of fin Καὶ. 

Let p be an irreducible polynomial in P(F) which has 
a root f in K. We may consider p as a polynomial in 
P(K)—no longer irreducible, of course—and construct a 
splitting field L for p over K. (We shall suppose the usual 
identification made, so that K may be regarded as a subfield 
of 1.) Let f’ be another root of p in L; we shall show 
that β΄ actually lies in K. 

Since p is irreducible in P(/) it follows from Theorem 
10.2 (taking τ to be the identity automorphism of F) 
that there exists an isomorphism τι of F(f) onto F(f‘) 
such that τι (β} = β΄ and t,(a) = a for all elements a of F. 
Now the subfields K(f) = Καὶ and K(f’) of L are clearly 
splitting fields over Εἴ) and F(A’) respectively of the original 
polynomial f. Hence, according to Theorem 11.2, there 
is an isomorphism t’ of K onto K(f’) which acts like τὶ 
on F(f), i.e., such that τι(β) = fp’ and τ (οὐ) =a for all 
elements a of F. The relations between the various fields 
are illustrated by the commutative diagram in fig. 4; 
unlettered arrows represent the appropriate inclusion 
monomorphisms. 

Since the coefficients of f/ lie in F, it follows that 
τρί ἢ =f. Now in P(K) we have 


1 Ξ (Δ --οΟαι)Χ --αοχ)...(1 --αὐ; 
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hence, applying tp, we obtain 
f= tf) = (X -- τ αἱδοὸ]χ --τ (α3}}..ὄ (X — 71%). 


Thus we have two decompositions of f into linear factors 
in P(L). As we saw in § 10, any two such decompositions 
differ only in the order of the factors. Hence the sets 


wag ie Ῥέας κε 
ea 


| Wager 


Τι 


en PUR 


ey 


Fic. 4 


{a,, ...5 %} and {t’(a,), ..., t’(a,)} consist of precisely the 
same elements. We now conclude that 
K(B’) = τ (Κ) = τ (Ρίαι, .... &%)) = Ε{τ (αι), ..-, ται) 
= Fla, .--, αὐ = K, 

and hence that β΄ lies in K. 

So K is a normal extension of F. 

COROLLARY 1. Let Καὶ be a normal extension of finite 
degree over a subfield F. If E is any subfield of K containing 
F then K is a normal extension of E. 
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COROLLARY 2. Let K be a normal extension of finite 
degree over a subfield F. If E is a subfield of K containing 
F, and t, is an F-monomorphism of E into K, then there 
exists an F-automorphism of K which acts like τὰ on E. 


Proof. Since K is a normal extension of F it is a splitting 
field over F of some polynomial p in P(F). Then K is also a 
splitting field for p over E and over t,(£). The result now 
follows from Theorem 11.2. 


COROLLARY 3. Let Καὶ be a normal extension of finite 
degree over a subfield F. If a, and x, are roots in K of 
an irreducible polynomial in P(F) there exists an F-auto- 
morphism of K which maps a, onto a. 


Proof. According to Theorem 10.2 there exists an 
F-isomorphism τί of F(«,) onto F(a.) such that t,(a,) = ἃ). 
The result then follows at once from Corollary 2. 


Let Ε be an algebraic extension of a subfield F. Then 
a normal closure of Εἰ over F is an extension (N, 1) of Ε 
such that (1) Ν is a normal extension of 1(F) and (2) if L 
is any subfield of N containing (£), L τὸ N, then L is not 
a normal extension of (F). Thus, if we identify E with 
its image under 1 we may say informally that a normal 
closure of E over F is a smallest normal extension of F 
containing E. We now prove that normal closures can 
actually be constructed, at least when £ 15 a finite extension 
of F, and that the construction leads to an essentially 
unique result. 


THEOREM 15.2. Let E be an algebraic extension of 
finite degree over a subfield F. Then there exists a normal 
closure of E of finite degree over F. Further, if (N, 1) and 
(N', 1 are two normal closures of E over F there exists 
an isomorphism τ of N onto Ν' such that t(i(a)) = (a) 
for all elements a of F. 


Proof. Let {x,, ..., x,} be a basis for E over F and let 
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mM,, τειν m™, be the minimum polynomials of x, .... Ἀν 
respectively over F. Let f = my,my)...m,. 

(1) Let (N, 2) be any splitting field for f over E. Then 
N is also a splitting field for zp(f) over (F) and hence is 
a normal extension of :(F). Suppose L is any subfield of 
N containing ΚΕἸ and normal over (Ff). Since each of 
the irreducible polynomials 1,(m,) has one root—namely 
1(x;)—in L, it follows that each of these polynomials splits 
completely in P(L), and so L = N. Thus (N, 1) is a normal 
closure of E over F and it is of course of finite degree 
over F. 

(2) Suppose (N, 1) and (N’, 7’) are normal closures of 
E over F. Then :,(f) and :>(/) split completely in 
P(N) and P(N’) respectively; hence N and N’ contain 
splitting fields of these polynomials over (Ff) and 7'(F) 
respectively. But these splitting fields contain (ΕἸ, :’(E) 
and are normal over i(F), i‘(F) and hence must coincide 
with N, N’ respectively (by condition (2) of the definition 
of normal closures). The existence of the isomorphism τ 
now follows from Theorem 11.2. 


We remark that if E is a separable extension of F 
then the minimum polynomials m,, ..., m, are all separable; 
hence, by the Corollary to Theorem 13.7, every splitting 
field of f = m,m....m, is a separable extension. In other 
words every normal closure of a separable extension is also 
separable. 

From now on, if (N, 1) is a normal closure of an algebraic 
extension E of F we shall identify Ε and (£) and thus 
consider Εἰ and F as subfields of N. Suppose the normal 
closure N is a subfield of a field M and let t be a mono- 
morphism of £ into M which acts like the identity on F 
(an F-monomorphism of £ into M); we claim that τί Ε) 
is contained in N. To prove this assertion, let a be any 
element of E, m= X*+a,X*"'+...+a, its minimum 
polynomial over F. Applying the monomorphism τ to 
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the equation 
αὐ ταιαΐ '+...4+a, = 0, 


(t(x))* + a,(t(x))*- 1 +...44, = 0, 


which shows that t(«) is also a root of min M. But m 
is an irreducible polynomial in P(F) with one root « in 
the normal extension N; thus m splits completely in 
P(N) and so t(«) lies in N as required. Thus the importance 
of normal closures lies in the fact that, when we want to 
consider #-monomorphisms of £ into fields containing E, 
then once we have constructed the #-monomorphisms of 
FE into a normal closure we obtain no further F-mono- 
morphisms by considering larger extensions. We shall use 
this result to give a further characterisation of normal 
extensions of finite degree. 


we obtain 


THEOREM 15.3. Let E be an algebraic extension of 
finite degree over a subfield F. Then E is a normal extension 
of F if and only if every F-monomorphism of E into a normal 
extension of F containing E is actually an F-automorphism of 
E itself, 


Proof. (1) Suppose £ is a normal extension of F. 
Then £ is itself a normal closure of £ over F containing E 
(and, in fact, the only one). 

Let N be any normal extension of F containing F, τ 
any F-monomorphism of E into N. According to the 
discussion preceding this theorem, t(£) is contained in the 
normal closure Ε. To show that τ is actually an F-auto- 
morphism of £ we must prove that 7(£)= E. From 
Theorem 7.1 we deduce that 


(τ(Ε): F) = (c(E): t(F)) = (Ε: F); 
it now follows from Corollary 2 of Theorem 7.2 that 
E = τ(ΕἸ and hence τ is an F-automorphism of E as 
asserted, | 
(2) Conversely, let N be any normal extension of F 
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which contains Ε and suppose that every /-monomorphism 
of E into N is an automorphism of £. 

Let f be any irreducible polynomial in P(/) which has 
a root a, in £. Since N is a normal extension of F, f 
splits completely in P(N); let «, be any other root of 7 
in N. Then, according to Corollary 3 of Theorem 15.1, 
there exists an F-automorphism τ΄ of Ν᾽ such that 
t'(a,) = @,. Consider now the mapping τ of E into N 
defined by setting t(x) = t’(x) for all elements x of £; 
t is plainly an F-monomorphism of E into N. By hypo- 
thesis, τ is an automorphism of E; so t(a,) = t'(a%,) = ἃ} 
belongs to ΚΕ. 

It follows that E is a normal extension of F, as required. 


To illustrate the situation when £ is not a normal 
extension of F we may refer to Example 3 of § 11. So 
suppose « is the unique real number such that αὖ = 2 
and set E = Q(a); then £ is not a normal extension of Q 
since the irreducible polynomial X*°—2 of P(Q) has one 
root ἃ in E but does not split completely in P(E). The 
splitting field K = Q(a, i/3) which we constructed is 
easily seen to be a normal closure of E over Q. There 
are three Q-monomorphisms δ, τ, p of Ε into K, mapping 
a onto a, B=4(—14+i/3)e and y = 3(—1—i/3)« 
respectively. But only the first of these is an automorphism 
of E, for t(E) = Q(f) and p(£) = Q(y) are not subfields 
of R, while £ itself is a subfield of R. 

Let E be an algebraic extension of a subfield F. We 
have already remarked that the maximum number of F- 
monomorphisms of Ε into a field K containing E is attained 
when we take K to be a normal closure of £ over F. We 
shall now determine this maximum number in the case 
where E is a finite separable extension of F. 


THEOREM 15.4. Let E be a separable extension of finite 
degree n over a subfield F. Then there are precisely ἢ 
distinct F-monomorphisms of E into a normal closure N 
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of E over F (and hence into any normal extension of F 
containing ΕἼ. 


Proof. We proceed by induction on the degree of EF 
over ἢ 

If (E: F) = 1, then E = F and the result is obvious. 
For the only F-monomorphism of F itself into F is the 
identity automorphism of F. 

Suppose now that we have established the result for 
all extensions of degree less than k and let FE be an extension 
of degree k. 

Let « be an element of £ which does not belong to F. 
If m is the minimum polynomial of « over F, then 
Om = (F(a): F)=r, say; of courser #1. Now misa 
separable irreducible polynomial in P(F) which has one 
root « in the normal extension N of F; hence m splits 
completely in P(N) and its roots αι = a, a, ..., ἃ, in N 
are all distinct. 

If we set (EZ: F(a)) = 5, then we have rs =k and 
1ss<k. Since N is clearly a normal closure of E over 
F(x) we may apply the inductive hypothesis and deduce 
that there are precisely s monomorphisms p,, ..., p, of 
E into N which act like the identity on F(x), Next, it 
follows from Corollary 3 of Theorem 15.1 that there are 
r distinct F-automorphisms of N, say τι, ..., τ,, such 
that τι(α) = a; (i = 1, ..., r). Consider now the mappings 
o, of E into N (i=1, ..., r; j= 1, ..., 5) defined by 
setting @,(x) = t(px)) for all elements x of F. It is 
easily verified that these mappings are F-monomorphisms 
of E into N. 

We claim that the k = rs mappings @,, are all distinct. To 
this end we notice first that $,(«) = tp) = τι(α) = α;. 
Hence, if $;; = dim, we deduce at once that i=/. If, 
next, ᾧ;; = φιωιν then for every element x of E we have 
ti(p(x)) = t(p,(x)), and hence, since τ, is one-to-one, 
P(X) = P»(x) for every element x of E; that is to say 
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Pj = Pm i.€., j =m. This discussion shows that there 
are at least k distinct F-monomorphisms of £ into N. 

To show that there are no more, we must prove that 
every F-monomorphism of E into N coincides with one 
of the mappings ¢,;. Let τ, then, be an /-monomorphism 
of E into N; τ must map « onto another root of m in N, 
say t(x)= 4; Consider the mapping ᾧ of E into N 
defined by setting (x) = 1; ‘(z(x)) for all elements x of 
E; this is clearly an F(«)-monomorphism of Εἰ into N and 
hence coincides with one of the mappings p;, ..., Ps: Say 
o@ = p;. Then for every element x of E we have 


(x) = t(p (x) = T,(p(x)) = τί). 


and so τ = @,;, as required. 
This completes the induction. 


CorROLLARY. Let Καὶ be a separable normal extension of 
finite degree n over a subfield F. Then there are exactly 
n distinct F-automorphisms of K. 


Proof. According to the theorem, there are ἡ dis- 
tinct F-monomorphisms of XK into a normal closure of 
K containing K; included among these are all the F- 
automorphisms of K. But, by Theorem 15.3, all the 
F-monomorphisms are in fact F-automorphisms. Hence 
the result follows. 


If E is a separable extension of finite degree 1 over a 
subfield F and τι, ..., τ, are the ἡ distinct -monomorphisms 
of E into a normal extension N of F containing E, the 
subfields τι (ΕἸ, ..., τ (ΕἸ of N are called the conjugates 
of E over Fin N. Although the monomorphisms τι, ..., τ᾿ 
are all distinct, the conjugates may not be distinct; indeed, 
if E is itself a normal extension of F, it follows from 
Theorem 15.3 that its conjugates all coincide with ΚΕ itself. 

We conclude this section with an important char- 
acterisation of separable normal extensions of finite degree. 
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We remark first that if E is any extension of a subfield F, 
then the set G of F-automorphisms of E is a subgroup of 
the group A of all automorphisms of E. For, if t and p 
are F-automorphisms of 15 and a is any element of F we 
have (tp)(a) = t(p(a)) = t(a) = a, and further, since 
t(a) = a, it follows on applying t~* to both sides of this 
relation that ἃ = τ *(t(a)) = t *(a); thus tp and 17! 
belong to G and so G is a subgroup of A. 

The field F is certainly contained in the fixed field 
Fy under the subgroup G; but one must guard against 
supposing that F and F, must be the same. For example, 
let us consider again Example 3 of §11, in which 
α is the unique real number such that αὖ = 2. Then there 
is only one Q-automorphism of E = Q(a), namely the 
identity automorphism ¢. But the fixed field under the 
group of automorphisms consisting of ¢ alone is the whole 
field Ε. Of course, as we have already noticed, Q(z) 
is not a normal extension of Q. 


THEOREM 15.5. Let Καὶ be a finite extension of a subfield F, 
G the group of F-automorphisms of K, and Fy the fixed field 
under G. Then K is a separable normal extension of F if 
and only if F = Fo. 


Proof. (1) Suppose K is a separable normal extension 
of F; let (K: F) =n. 

According to the Corollary to Theorem 15.4, the group 
G has order mn. It now follows from Theorem 14.2 that 
(K: Fy) =n. Hence, since F is contained in Fy, we have 
(Fo: F) = 1 and so F = Fy. 

(2) Conversely, suppose F is the fixed field under the 
group G of F-automorphisms of K; let 


G = {τὶ = δ. ἔχ,..... τ} 
Let f be an irreducible polynomial in P(F) which has 
aroot«in K. The images of « under the ἢ automorphisms 
Ty, ...Κ T, May not all be distinct. By renumbering the 
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automorphisms if necessary, we may suppose that αὶ = ἃ, 
ἃ. = T(x), ..., ἃ, = T(x) are the distinct images of « 
under the automorphisms. Then for each automorphism 


τι in G, the set {t,(a,), ..., t(a,)} coincides with {a,, ..., α,} 


—that is to say, the automorphisms in G simply permute 
the elements αι, ..., %, among themselves. (To see this, 
we have only to remark that t,(a;) = t(t,(x)) = (7,7,)(@), 
and hence, since t,t; belongs to G, t%,) is one of the 
images of «.) It follows that if e, is the kth elementary 
symmetric function of o,, ..., ἃ,» i.e, the sum of the 
products of these elements taken k at a time (kK = 1, ..., r),7 
we have te,) = e, for all the automorphisms t,, and 
hence e, belongs to Fy = F. 
Consider now the polynomial 

9 = X'—e,X""'+e,X"-?-...4+(-1)"e, 

in P(F); this polynomial splits completely in P(X): 
g = (X—4,)(X—2,)...(X—2,). 


We claim that g is the minimum polynomial of a, = ἃ 
over F. So suppose that 

h = agta,X+...+a,X° 
is a polynomial in P(F) which has ἃ as a root. Thus we 
have 

Ag + aya+ ba = 0, 
Applying the automorphisms τι. ..., τ, to this relation we 
obtain 

Ag+a,a,+...+aa; =0 (i =1,..., 7); 


SO ἄγ), .... ἃ, are roots of ἢ and hence g is a factor of ἢ. 
Thus g is a monic polynomial of least degree among those 
polynomials in P(F) which have « as a root, i.e., g is the 
minimum polynomial of « over F. 

It follows that the original irreducible polynomial / is 
simply a constant multiple of g; hence f splits completely 


+ Turnbull, Theory of Equations, ἃ 28. 
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in P(K), and all its roots are distinct. Thus K is a separable 
normal extension of F, as asserted. 


§ 16. The fundamental theorem of Galois theory, Let 
K be an extension of a subfield F. The group G of F- 
automorphisms of K is called the Galois group of K over 
F. Let # be the set of subfields of K which contain F, 
and let Y be the set of subgroups of the Galois group G. 
In the case where K is a separable normal extension of 
finite degree over F, the fundamental theorem of Galois 
theory establishes a one-to-one correspondence between 
H and Y which enables us to deduce information about the 
subfields of K containing F from a knowledge of the 
Galois group of K over F. 

We define a mapping Γ of # into Y and a mapping ® 
of Y into & as follows. For every subfield EF of K con- 
taining F, let Γ(Ε) be the subgroup of G consisting of 
those F-automorphisms of K which act like the identity 
on E, i.e., of the E-automorphisms of XK; in other words, 
T(E) is the Galois group of K over E. For every subgroup 
H of G we define ®(H) to be the fixed field under H; 
(H) is of course a subfield of K containing F. We remark 
at once that the mappings I and ® “ reverse inclusions ”’; 
that is to say, if Εἰ is contained in E, then I(£,) 
is contained in Γ(ΕῚ), and if H, is contained in ἢ) 
then ®(H,) is contained in ®(H,). Suppose, for example, 
that Εἰ is contained in EF, and y belongs to T(E) ; then 
(x) = x for all elements x of £2, and so, in particular, 
γί = t for all elements 1 of Εἰ; hence 7 belongs to I(£,). 
The other result is established by a similar simple argument. 


THEOREM 16.1. (Fundamental Theorem, Part 1). Let 
K be a separable normal extension of finite degree n over 
a subfield F, with Galois group G. Then G has order π. Let 
HK be the set of subfields of K containing F, G the set of sub- 
groups of G. Then the mapping T defined above is a one-to-one 
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mapping of X ontoG. Further, for every subfield E in K, the 
degree of K over E is equal to the order of T(E) and the 
degree of E over F is equal to the index of T(E) in G. 


Proof. The fact that G has order n has already been 
established in the Corollary to Theorem 15.4, 

Let Εἰ be any subfield of Καὶ containing F. According to 
Corollary 1 of Theorem 15.1, K is a normal extension of 
£; since K is a separable extension of F it is also a separable 
extension of E (Theorem 13.4). Thus it follows from the 
Corollary to Theorem 15.4 that (K: E) is equal to the order 
of Γ(Ε). Then we have (Ε: F)=(K: F)/(K: E) 
= (order of G)/(order of Γ(Ε)) = index of Γ(ΕῚ) in G. 

Now, since K is a separable normal extension of E£, 
it follows from Theorem 15.5 that E is the precise fixed 
field under the group of automorphisms of K which act 
like the identity of £; that is to say, E = Φ(ίΓ(Ε)). It 
now follows at once that T is a one-to-one mapping. For 
if E, and £, are subfields of K containing F such that 
Γ(ΕῚ) = T(£,), it follows that ®(T(£,)) = O(T(E,)) and 
hence that Εἰ = Ε;. 

Next, let H be any subgroup of G. It is clear that H 
is contained in H, = T(®(A)). Further, if we take 
E = ®(#) in the preceding paragraph, we have 

D(H) = OT (@(A))) = OCH). 
Since H and ΗΝ, are finite groups it follows from Theorem 
14.2 that the order of H = (K: ©(H)) = (K: ®(H,)) = the 
order of H,. Thus H = ἢ, = I (®(A)), and hence Γ 
maps # onto Y, 
This completes the proof. 


If E, and E, are subfields of K containing F which are 
isomorphic to one another under an isomorphism which 
acts like the identity on F it is natural to expect that the 
corresponding subgroups ['(£,) and I'(E,) of G are iso- 
morphic. We show next that this is in fact the case. 
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THEOREM 16.2. Let Καὶ be a separable normal extension 
of finite degree over a subfield F. Let E be a subfield of K 
containing F, τ an F-automorphism of K. Then 


T(t(E)) = tT (E)t7?. 

Proof. Let us write Εἰ = τ(Ε), H = T(E), ἢ, = T(é)). 
Then we have to prove that H, = tHt™’*. 

First let y be any element of H; we shall show that 
tyt' belongs to H;. So let x, be any element of ΕἸ. 
Then there is an element x of E such that x, = 1(x) and 
we have 
(cyt (x1) = (τγετ Y(t) = (τγχ(τ " 0) 

= (ty)(x) = (p(x) = tx) = αι. 
Thus tyt™! belongs to H, and hence tH7~' is contained 
in H,. 

Conversely, let y, be any element of H,; we shall prove 
that y = τ᾽ 'y,t belongs to H—it will then follow that 
y, = tyt | belongs to tHt~*. So we let x be any element 
of E. Since t(x) is an element of Εἰ, it is left fixed by 
γι: thus (γι τ) α) = t(x) and so 

γ0) = τ (12) = T(t) = α. 
Hence γ belongs to H, as asserted, and 7, belongs to 


tHt~'. Thus H, is contained in tHt™*. 
It follows that H, = tHt~' as required. 


In the terminology which we introduced after Theorem 
15.4, E, is one of the conjugates of E over Fin K. Theorem 
16.2 shows that the subgroup H, of G corresponding to 
E, is conjugate to the subgroup corresponding to £.7 
We have already remarked that if Εἰ is a normal extension 
of F then it coincides with all its conjugates. Now a 
subgroup which coincides with all its conjugate subgroups 
is called a normal subgroup.t It is thus natural to expect 


T L.F.G., § 30. 
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that if a subfield E of Καὶ is normal over F then the subgroup 
of G corresponding to it is normal and conversely. The 
second part of the Fundamental Theorem shows that this 
is in fact the case and also gives information about the 
Galois group of E over F. 


THEOREM 16.3. (Fundamental Theorem, Part 2). Let K 
be a separable normal extension of finite degree over a 
subfield F, with Galois group G. A subfield L of K con- 
taining F is a normal extension of F if and only if the sub- 
group Y(L) of G corresponding to L is a normal subgroup 
of G. If L is a normal extension of F the Galois group of 
L over F is isomorphic to the factor group G/T(L).T 


Proof. Let us write N = I(L). 

(1) Suppose L is a normal extension of F. 

Let τ be any element of G. Define the mapping τ’ 
of L into K by setting t’(x) = t(x) for every element x 
of L. Since τ is an F-automorphism of Καὶ it is easy to see 
that t’ is an F-monomorphism of 1, into K, and hence an 
F-automorphism of L (by Theorem 15.3). Thus 


τί = t(L) = L. 


It follows from Theorem 16.2 that tNt~' = N; so Ν is 
a normal subgroup of G, as asserted. 

Let G’ be the Galois group of L over F. Consider the 
mapping ¢ of G into G’ defined by setting $(t) = τ' (as 
described above) for every element t of G. This mapping 
is a group homomorphism (see ὃ 3) of G into Οἱ; for, if 
τι and τ; are elements of Οἱ and x is an element of L, 


(b(t, 72))(X) = (τ, τ2) ) = T,(t2(x)) 


(φ(τ )φίτ3)).) = φ(τιλ(φίτ2)0}) = T1(t2))- 


So (t,t) = φίτι ) φίτ2). Corollary 2 to Theorem 15.1 
shows that @ actually maps G onto G’. Now the kernel 


t L.E.G., § 31. 
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of the homomorphism ᾧ (i.e., the set of elements t in G 
such that #(t) is the identity of G’) consists of those F- 
automorphisms of K which act like the identity on L; 
so the kernel is the subgroup I(L) = N. It now follows + 
that G’ is isomorphic to the factor group G/N. 

(2) Suppose conversely that N is a normal subgroup 
of G, 

Let τί be any F-monomorphism of L into K. According 
to Corollary 2 of Theorem 15.1, there is an F-automorphism 
t of K which acts like t, on L. Since Ν is a normal sub- 
group of G, we have τῆ τ᾿ = N and hence, by Theorem 
16.2, [(7(L)) = T(L). Since Γ is a one-to-one mapping, 
it follows that t,(L) = τί) = L. Thus τι is actually an 
F-automorphism of L. Hence, by Theorem 15,3, Z is a 
normal extension of F, as asserted. 


COROLLARY. Let K be a separable normal extension of 
finite degree over a subfield F, with Galois group G. Let 
Ey = F, Εἰ, ..., E, = Καὶ be a sequence of subfields of Καὶ, 
each contained in the next, and let H;, = T(E,) (i = 0, 1, 

.» ἢ. If Εἰ is a normal extension of E;, then H, is a 
normal subgroup of H;., and the Galois group of E, over 
Εν is isomorphic to the factor group H,_,/H;. Conversely, 
if H; is a normal subgroup of H;.;, then Εἰ is a normal 
extension of E;_. 


Before giving examples to illustrate the results of this 
section we mention a simple result concerning the Galois 
groups of isomorphic extensions. 

THEOREM 16.4. Let Καὶ, K' be separable normal extensions 
of finite degree over their subfields F, Ε΄ with Galois groups 
G, G’ respectively. If there is an isomorphism o of K into 
K’ such that o(F) = F', then G and G’' are isomorphic groups. 

Proof. We define a mapping ¢ of G into the set of 
mappings of Κ΄ = o(K) into itself as follows. For each 

+ L.F.G., Chapter IV, Theorem 8. 
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element t of G we define ¢(t) to be the mapping of K’ 


into itself given by 
LO(x)](o(x)) = o(z(x)) 


for all elements x in K. It is then a routine matter to 
verify that ¢(t) is actually an F’-automorphism of Κ΄, 
i.e., that φ(τ) is in G’, and then that ᾧ is an isomorphism 
of G onto G’. 


Example 1. Let F =Q and let K be the subfield 
Q(i,/3) of C. We saw in Example 2 of ὃ 11 that Καὶ is a 
splitting field over F of the polynomial ¥7—X¥+1. Hence 
K is a normal extension of F (Theorem 15.1) and K is a 
separable extension of F since fields of characteristic zero 
have no inseparable extensions (Theorem 13.3). We 
proved also that (K: F) = 2; so the Galois group of K 
over F is of order 2. Since {1, i,/3} is a basis for K over F, 
every element x of K can be expressed uniquely in the form 
x = a+bi,/3 where a and ὃ are rational numbers. Since 
i,/3 is a root of the polynomial X?+3 in P(F), any F- 
automorphism of K must map i,/3 onto a root of this 
polynomial in K, and so onto either i,/3 or —i,/3. Thus 
the two elements of the Galois group are the F-auto- 
morphisms ὃ and τ given by 


ε(α Ὁ δὶ. 3) = at+bi/3 and t(a+bi,/3) = a—bi/3. 


Clearly τὸ = e and the Galois group is cyclic of order 2. 
Since a cyclic group of order 2 has no subgroups except 
itself and the subgroup consisting of the identity alone,f 
it follows from the results of this section that the only 
subfields of K which contain F are K itself (corresponding 
to the subgroup {e}) and F (corresponding to the whole 
group). 

Example 2. Let F = ῶ and let Καὶ be the subfield 
Q(«, i) of C, where « is the positive real number such that 


T L.F.G., § 12, Corollary 2. 
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α΄ = 2. We saw in Example 4 of § 11 that K is a splitting 
field over F of the polynomial ¥*—2 and hence is a 
separable normal extension of F. We proved that 
(K: F)= 8; so the Galois group G of K over F is of 
order 8. 

In order to determine this Galois group we remark 
first that, since {l, α, α΄, αὖ is a basis over F for F(a) 
and {1, 7} is a basis over F(a) for K, the proof of Theorem 
7.2 shows that {1, «, αὖ, αὖ, i, ix, ix?, ix*} is a basis for Καὶ 
over F. Hence every element x of K can be expressed 
uniquely in the form 


X = αι +4,%+ 4,07 +440" +a,i+agin+azix? + agin’, (16.1) 


where @,, ..., @g are rational numbers. It follows that, 
once we know how an F-automorphism of K acts on « 
and i, we know how it acts on every element of K. 

Since ἃ is a root of the polynomial ¥*—2 in P(F), 
each F-automorphism must map « onto one of the roots 
of this polynomial in K; similarly, since i is a root of the 
polynomial X¥?+1 in P(F), each F-automorphism of Καὶ 
must map i onto one of the roots of this polynomial in K. 
These remarks allow us to define the eight elements of G 
by means of the table 


which describes their action on & and i. 

Of course t, is the identity automorphism δ. Now 
set τὸ = o; we claim that t, = σ΄, τ, = σ΄ and σ΄ = 2. 
To prove these results we examine the effects of the various 
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automorphisms on ἃ and i; for example, 
0?(a) = σ(σ(α)) = σ(ἰα) = ofio(a) = 7a = --α = 15(a) 
and o*(i) = o(a(i)) = ofi) = i = τρί), 
whence τι = 0”. The other results follow by similar com- 
putations, Next set t, = τ; then τὸ = δ, το = στ, τη = στ 
and tg = o°t. Finally we have to = o°t: for 
(to)(a) = τίσ(α)) = t(ia) = τ()τ(α) = —ix = (σ᾽ τ)ί(α) 

and (to)(i) = τίσ()) = τί) = —i = (σ ᾿ τ). 
This discussion shows that G is isomorphic to the dihedral 
group of order 8.7 

The group G has four normal subgroups other than 
itself and the identity subgroup—namely N, = ἰδ, σ, σ΄, 0°}, 
N, = {8, ot, o”, ot}, N, = fe, t, o7, σ᾿ τὶ and N, = {e, o*} 
—and also four non-normal subgroups—A, = {e, τὶ), 
H, = {e, ot}, H; = {e, o*t} and H, = (ε, σ᾽ τ. The 
inclusion relations between these subgroups are shown in 
the diagram in fig. 5, where all the arrows indicate the 
appropriate inclusion monomorphisms. 

In order to describe the fixed fields under these sub- 
groups we examine the effect of the eight automorphisms 
on a typical element x of K (see (16.1)). We obtain 


e(x) = dy +a,0+4,07 +a,0° +asi+agin+azia* + agix° 
o(x) = a,—agu—a30? +agx° +a5i+a,i0—a7ix? —a,ix* 
o7(x) = a,—a,4+0,0? —a,0° +a,i—agix+ay,iax? —agix® 
σ Οὐ = ay Ἔα,α-- αγαῇ-- αφα +a5i—ayin—azix? + asin? 
(x) = a, +a,%+a3%? +a,0° —a,i—a,ix—azix? —agix? 
(ot)(x) = a, +a6%—a3%? —agx® —a,i+a,ix+a,ix* —a,ix® 
(o?t)(x) = a, -- α:α +0327 — αἰαὶ —dsit+agix—azix® +agix* 
(o*t)(x) = a, —agu—a,x? +agx° —a,i—a,in+azix? +a, ix’. 
+ L.FG.,§ 16. 


κῃ" 
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The element x belongs to the fixed field ®(V,) under 
N, if and only if x = o(x) = o7(x) = o°(x). Comparing 
the coefficients of the basis elements, we see that these 
equations hold if and only if a, = —a,, a; = —4@;, 
ay = —Qy, Ag = —G6, Az = -- (7, ag = --αρ. i.e., if and 
only if a, =a; =a, =a, =a,=ag=0. Thus the 
elements of ®(N,) are precisely those which can be expressed 
in the form a, +a,i, where a, and as are rational numbers; 


Fa ti 
fer 


in other words, ®(N,) = F(i). Since F(i) is a splitting 
field over F for the polynomial X?+1, it is a normal 
extension of F, as it should be in accordance with Theorem 
16.3. The Galois group of F(/) over F is cyclic of order 2, 
as is the factor group G/N,. 

Similar arguments show that ®(N,) = F(ia*) = F(i,/2) 
and @(N3) = F(«*) = F(,/2). These fields are also normal 
extensions of F, being splitting fields over F for ¥?+2 
and X?—2 respectively; the Galois group in each case is 
cyclic of order 2. 

Next we notice that x belongs to the fixed field ®(N,) 
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under N, if and only if x = o7(x), ἰ.6., if and only if 
ad, = —d,, dy = —dy, ὧς = —ag, Gg = --ᾳ, 1.€., if and 
only if a, = a, = dg = ag = 0. So the elements of D(N,) 
are precisely those which can be expressed in the form 
4, +430" +asi+a,ix?. Thus ®(N,) = F(i, «) = Fri, \/2); 
this is a normal extension of F, being a splitting field for 
(X*+1)(X*—2) over F. It is not hard to verify that the 
Galois group of F(i, ,/2) over F is isomorphic to the Klein 


F(i, x) 
F(l—i)x) θεὰ Fi, ,/2) F(ix) F(x) 
F(i,/2) F(i) F(,/2) 
F 
Fic. 6 


four-group,f and that G/N, is also isomorphic to this 
group. 

Similar investigations show that (H,) = F(a), 
O(H,) = F(1+i)x), O(H3) = Flix) and ®(H,) = F((1—i)z). 
As an example we consider ®(H): x is left fixed by ἢ, 
if and only if x = (ot)(x); this occurs if and only if a, = ag, 
a, = —@3, ὦ, = —a@g, ἂς = —as. Thus x belongs to 
Φί 4) if and only if it has the form 


a, +a,(1 +ia+a,(1 —i)x? +a,ix* = ay +a,(1 +-i)o 
+4a,((1 + ἢ) —4a,((1 +i)x)°. 
Tt L.F.G., § 16. 
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The inclusion relations between the subfields of Καὶ are 
shown in fig. 6, where as usual all the arrows indicate 
inclusion monomorphisms. 


8. 17. Norms and traces. Let £ be a separable extension 
of finite degree n over a subfield F. Let K be a normal 
closure of E over F which contains E. Then, according to 
Theorem 15.4, there are exactly ἢ distinct -monomorphisms 
Ty, «+» T, Of E into Καὶ We define two mappings Ny jp 
and δὲ,» of E into Καὶ by setting, for every element x of E, 


Navel) = ΤΊ τοῦ, Ses) = ¥ 240). 


We call Neg ;p(x) and δὲ, (χ) the norm and trace respectively 
of x from £ to F. (The German translation of “ trace ” 
is ““Spur”’: hence the traditional use of the letter S to 
denote the trace.) Our first theorem justifies the use of 
the phrase “ from Ε to F” in the names. 


THEOREM 17,1. The mapping Neg), is a homomorphism of 
the multiplicative group ΕἾ of E into the multiplicative group 
F* of F; the mapping Sg), is a non-zero homomorphism of 
the additive group E* of E into the additive group F* of F. 


Proof. It follows at once from the definitions that for 
every pair of elements x, y of E we have 


Ne (xy) = Il t(xy) = Il t(x)t(y») = (l [eT] e i( y)) 


ae = Νε ΟΝ, ε(}) 
and similarly 


= Sep(X+y¥) = Sepp) + 88,0). 
This shows that N¢,p and δὲ,» are homomorphisms of £* 
and E* into K* and Κ΄ respectively. 
Let now t be any F-automorphism of K. The mappings 
Pi, ++» P, Of E into K defined by setting p(x) = t(t1,(x)) 
for every element x of E (i = 1, ..., m) are clearly ἢ distinct 


= 


_- 
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F-monomorphisms of E into K. Thus the set {p,, .-.5 Pai 
coincides with the set {t,, ..., t,} (apart from order, of 
course). Let x be any element of £; then we have 


tN g/p(X)) = T ( Π «(0)) = Π τίτ (Χ)) 


i=1 i= 1 
= I, p(x) = N εἰ) 


and similarly τί δε, (.)) = ϑὲ;(.). So the norm and 
trace of x belong to the fixed field under all the F-auto- 
morphisms of K. Since K is a normal closure of a separable 
extension it is a separable normal extension of finite degree 
over F (see the remark just after Theorem 15.2), Hence 
it follows from Theorem 15.5 that the fixed field under all 
the F-automorphisms of Καὶ is just F itself. Hence Np),(x) 
and δὲ μ(χ) belong to F as required. 

All that remains is to show that δὲ; is not the zero 
homomorphism. Suppose, to the contrary, that 


Seje(x) = τι)... +4,(a) = 0 


for all elements x of E; this would imply, however, that 
the set {t,, ..., t,} of distinct monomorphisms of E into 
K is linearly dependent over K. Since this contradicts 
Theorem 14.1, the desired result follows. 


Example 1. Let F = Q, E = Q(i). Then £ is a normal 
extension of F and the two F-automorphisms τι, Tt, of £ 
are given by 


t,(a+bi) = a+bi and t,(a+bi) = a—bi 


for all elements a+i in E (a and b are rational numbers). 
Then we have 


Ng p(a+bi) = (a+bi)(a—bi) = a? +0’, 
Example 2, Let F = Ὁ and let E = Q(«) where α is 
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the unique positive real number such that αὖ = 2. Let 
B = 4(—1+i/3) and y = 4(—1—i,/3)z be the remaining 
roots of X¥°—2 in C (see Example 1, § 10). The normal 
closure of E over F in C is the splitting field K = Q(a, i,/3) 
of X°—2 (see Example 3, § 11). The three F-mono- 
morphisms τι, τ, τῷ of E into K are defined by setting 


7 (%) = α, t2(%) = B, t3(%) = γ, 
t,(a) = a for all elements a of F (i = 1, 2, 3). 


Write ὦ = }(—1+i/3); then ὡ = 4(—1-i,/3), w* = 1 
and 1+@+o*=0. Let now x =a+ba+cx? be any 
element of E, where a, b, c are elements of F. Then we 
easily compute 


Ne jr(X) = T,(x)t2(x)t3(x) 
= (a+bu+cx?)(a+ box+cm?ax?)(a+bw*a+ cox?) 
= a°+2b° +4c* —6abe, 

SpyAx) = (a+ba+ cx?) + (a+ box + cma) 


+(a+bw*a+cwx’) 
= 3a. 

Let now D be a separable extension of finite degree 
over a subfield F; let E be a subfield of D which contains F. 
Then D is a separable extension of E and E is a separable 
extension of F (Theorem 13.4). Thus if x is any element 
of D we may form the norm of x from D to E, which is an 
element of E by Theorem 17.1, and form the norm of this 
element from E to F, so obtaining an element of F; we 
may also, of course, form the norm of x from D to F. 
The next theorem shows that these two procedures lead 
to the same element of F. 


THEOREM 17,2. Let D be a separable extension of finite 
degree over a subfield F; let E be a subfield of D con taining 
fF. Then, for every element x of D, Ny (ΝΡ e(X)) = Nop p(x) 
and Sp iPS pe) = Sp,p(x). 
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Proof. Let K be a normal closure of D over F con- 
taining ἢ. Let(E: F) = n,(D: ΕἸ = μι; then(D: F) = mn. 
There are thus » distinct F-monomorphisms σ᾽, ..., ¢, of E 
into K and m distinct E-monomorphisms τι, ..., t,, of ἢ 
into Κα, According to Corollary 2 of Theorem 15.1 there 
are n distinct F-automorphisms o}, ..., σ᾽ of K which act 
like σι», ..., o, respectively on E. Let φ,, (i = 1, ..., m3 
j=1, ..., m) be the mappings of D into K defined by 
setting $,(x) = o((t,(x)) for all elements x of ἢ. These 
mn mappings are distinct F-monomorphisms of D into 
K (cf. the proof of Theorem 15.4) and hence they form a 
complete set of F-monomorphisms of D into K. 

Let now x be any element of D. We have 


Npjp(X) = I (x) 
= I] σι(τ (Χ)) = [lo i (Π t,(x)) au I σι (Np; r(X)) 
i, i j i 
= IT o(N px(x)) = Neye(Np;e(X)) as required. 
The result for the traces follows similarly. 


δ 18. The primitive element theorem and Lagrange’s 
theorem. Let £ be an extension of a subfield F. If there 
exists an element « of £ such that E = F(a)—so that Ε 
is a simple extension of /—we call « a primitive element 
for E over F. Our next theorem shows that for every 
extension of the type we are most concerned with—separable 
extensions of finite degree—there is always a primitive 
element. 

THEOREM 18.1 (Primitive element theorem). Let E be a 


separable extension of finite degree over a subfield F. Then 
there exists a primitive element for E over F. 


Proof. When F is a finite field this result will follow 
from our general discussion of finite fields in § 20. So we 
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shall suppose for the remainder of the proof that F has 
infinitely many elements. 

First we show that there are only finitely many subfields 
of £ containing F. To this end we let Καὶ be a normal 
closure of E over F which contains Ε; K is a normal 
separable extension of finite degree over /, with Galois 
group G say. Now the number of subfields of £ containing 
F is at most equal to the number of subfields of K con- 
taining F; according to Theorem 16.1, however, this is 
equal to the number of subgroups of the (finite) group G, 
and hence is finite. 

Let ἀρ be an element of E such that, for every element 
x of E, (F(a): F)S(F(%): F); such an element clearly exists, 
since all the degrees (F(a): F) are less than or equal to 
(E: F). We claim that a» is a primitive element for £ 
over F, i.e., that E = F(a). Suppose, to the contrary, 
that E # F(a); then there exists an element β of Ε which 
does not belong to F(a»), so that (F(%, β): F)>(F(a%): F). 
For each element a of F, F(%, β) contains the simple 
extension F(a#,+apf). Since there are infinitely many 
elements of F but only finitely many subfields of Εἰ con- 
taining F, it follows that there are distinct elements a,, a, 
of F such that F(a +4,f) = F(¢é +f). Then F(a +a,f) 
contains (%)+4,8)—(%)+428) = (a;—a2)B; hence it con- 
tains B, and hence also a = (%+4,8)—a,f; hence 
F(%+a,B) contains ἔαρ. f). But, since it is contained in 
F(a, B), it follows that F(%)+a,f) = F(%, B). Hence 
(F(a +a,B): F)>(F(a%): F), which contradicts our choice 
of tp. 

Hence E = F(a) as asserted. 


Let now H, and ἢ, be subgroups of a group G. The 
intersection of H, and H,, which we denote by H,nH, 
is the subset of G consisting of all the elements common 
to H, and H,; it is easily seen to be a subgroup of G, 
and is in fact the largest subgroup of G contained in both 
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H, and H,.t The subset οἵ G consisting of all finite 
products of elements chosen from H, and ἢ 15 also a 
subgroup of G; it is the smallest subgroup of G containing 
both H, and H,j and is called the subgroup of G generated 
by H, and H). 

Next suppose Ε, and E, are subfields of a field 4. 
Their intersection, E,O£>, is a subfield of K; it is the 
largest subfield of K contained in both £, and E,. The 
subfield E,(E) of K generated over E, by E, clearly coincides 
with the subfield £,(£,) generated over E, by E,. We 
call this subfield the compositum of Εἰ and Ε; it is the 
smallest subfield of K containing both Εἰ and £3. 

Suppose now that Εἰ and Ε both contain the field 1" 
and that K is a separable normal extension of finite degree 
over F with Galois group G. Then the compositum 
E,(E,) and the intersection E, VE, of EZ, and £, are 
subfields of K containing F; it is natural to enquire how the 
subgroups I'(E,(E>)) and [(Z,0£;) of G, which correspond 
to E,(E,) and E,n£E, in the Galois correspondence of 
Theorem 16.1, are related to the subgroups I'(£,) and 
Γ(Ε,) corresponding to £, and Ε. Our next theorem 
answers this question. 


THEOREM 18.2. Let K be a separable normal extension 
of finite degree over a subfield F, with Galois group G. 
Let E, and E, be subfields of K containing F. If T(E) = Η, 
and T(E) = H, then T(E,(E2)) = Hy Hz and WE, £2) 
is the subgroup of G generated by H, and ἢ. 


Proof. (1) Since Ho = T'(E,(E2)) consists of those 
automorphisms of Καὶ which leave £,(£;) fixed, it follows 
that if y is any element of Ηρ then y acts like the identity 
on E, and also on E,; thus 7 belongs to H, and to Hp. 
So H, is contained in H, AH. But conversely it follows 
at once from Theorem 8.1 that any automorphism which 
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leaves both Εἰ and E£, fixed also leaves £,(E,) fixed and 
hence belongs to Hy. Thus Η ΔΗ͂, is contained in Hp. 

Hence H, = Η ΓΗ͂, as required. 

(2) Let H be the subgroup of G generated by H, and 
H,. Since H consists of finite products of elements of H, 
and H,, it is clear that every element of H acts like the 
identity on ΕἸ ΔΕ. That is to say, Φί ἢ) contains E,N£3. 
Now let x be any element of K which does not belong to 
E,nE;; say x does not belong to Εἰ. Then, since Εἰ is 
the precise fixed field under H,, there is at least one element 
y, of H, such that y,(x) # x and hence x is not left fixed 
by H. It follows that ®(H) = E,QE, and hence that 
H = T(E,n£,). 


We now consider the situation in which K and £ are 
subfields of a field Z such that K is a separable normal 
extension of finite degree over a subfield F which is also a 
subfield of Ε and E is an arbitrary extension of F (possibly 
neither normal nor separable nor even finite). The next 
theorem, which deals with this situation, is traditionally 
known as Lagrange’s Theorem on Natural Irrationalities. 


THEOREM 18.3. Let K and E be subfields of a field L. 
If K is a separable normal extension of finite degree over 
a subfield F which is also contained in E, then E(K) is a 
separable normal extension of finite degree over E. Further, 
the Galois group of E(K) over E is isomorphic to the Galois 
group of K over the intersection of E and K. 


Proof. The fields involved in this discussion are illus- 
trated in fig. 7. 

Since K is a normal extension of F, it follows from 
Theorem 15.1 that K is a splitting field over F for a poly- 
nomial f in P(F). Since K is a separable extension of ἢ, 
the construction given in Theorem 15.1 actually leads to 
a separable polynomial f. Thus K = F(a, ..., %,), where 
1, +++, %, are the roots of f, and hence E(K) = E(a, ..., &,). 
It follows that E(K) is a splitting field for fover E. Hence, 
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by Theorem 15.1 and the Corollary to Theorem 13.7, E(K) 

is a separable normal extension of finite degree over E. 
Let now H be the Galois group of E(K) over Ε. For 

each £-automorphism 5} in H we have a monomorphism 

y’ of K into L, defined by setting γ (ΑἹ = »(x) for all 

elements x of K; since y acts like the identity on EF, γ' 

acts like the identity on F. 

Further, since y maps each L 

root ἃ, of f onto some other 

root α; of f, so also does γ'; 

hence γ΄ is a monomorphism agile 

of K into itself. But since γ E(K) 

is an automorphism of E(K), 

every root a; of f is the image 

of some root of f under γ and 

hence under γ΄, This discus- 

sion shows that y’ is an Ε- ἢ K 

automorphism of K. Thus we 

have a mapping ¢ of H into 

the Galois group G of K over 

F defined by setting ¢(y) = γ' 


for every element γ of H. It EAK 
is easy to verify that ¢ is a 
group monomorphism of H | 


into G; thus H is isomorphic 
to the subgroup $(H) of G. Ρ 
To complete the proof we Fic. 7 

have to show that the fixed 

field under #(H) is the subfield EnK of K. It is clear, 
of course, that for every element γ of H the automorphism 
Φ(γ) acts like the identity on EK; so the fixed field under 
¢(H) contains ΕΚ. Suppose now that x is an element 
of K which does not belong to ENK: then x does not 
belong to £. Since E is the precise fixed field under H 
(Theorem 15.5), there is an element y, of H such that 
yi(x) # x. Thus (¢(y,)x) # x and so x does not belong 
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to the fixed field under ¢(H). It follows that ENK is the 
precise fixed field under ¢(H), as asserted. 


819, Normal bases. Let K be a separable normal 
extension of finite degree n over a subfield F; let G = {t,, 
.... T,} be the Galois group of Καὶ over F. A normal basis 
for K over F is a basis for K over F consisting of the 
images T,(x), t2(x), .... T(x) of a single element x of K 
under the elements of the Galois group. We shall deduce 
from our next theorem a criterion that the images of an 
element x should form a normal basis for K over F, 


THEOREM 19.1. Let K be a separable normal extension 
of finite degree n over a subfield F, with Galois group 
G = {t1, .... τι. The subset {x,, ..., X,} of Καὶ is a basis 
for K over F if and only if the matrix [7(x;,)| is non-singular. 


Proof. (1) Suppose the matrix [7,(x,)] is non-singular. 
Since (K: F) =n, if we can show that {x,, ..., X,} 
is linearly independent over F, it will follow from Theorem 
4.3 that this set is a basis for Καὶ over F. So suppose we 
have 
Q,X,;+...+4,x, = 0, 


where d;, ..., @, are elements of F. Applying the F-auto- 
morphisms 7, ..., τον We obtain 


t(X,)a,+...+t{x,)@a, =0 (i =1,..., "ἢ. 


Since the matrix of coefficients [t,(x,)] is non-singular, it 
follows from the theory of homogeneous linear equations 
that a, =... = a, = 0.T 

Thus {x,, ..-; X,} is linearly independent and so forms 
a basis, as required. 

(2) Conversely, suppose that the matrix [t,(x,)] is 
singular. 

It follows again from the theory of homogeneous 


t Aitken, Determinants and Matrices, § 28. 
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linear equations that there exist elements ~,, ..., ἃ, of K, 
not all zero, such that 


0,7 (X,)+-.-+%,7{X,) = 0 Gi =1,...,m). (19.1) 
According to Theorem 17.1, there exists an element « 
of K such that Sx,,-(«) is non-zero. If % is non-zero, we 
multiply the equations (19.1) by xx, ' and obtain 


B,tAx,) +..-+8,t{x,) =0 (i=1,..-,a), (9-2) 


where β; = «a, 'α; (j = 1, ..-, m) and hence, in particular, 
βι =. Now apply the F-automorphisms 1; *, ..., τὰ 
to the equations (19.2); we obtain 


εἰ βυχι Ἐν. +t; (8)%,=0 (i=1,..., 2). (19.3) 


Adding these equations, and remembering that, as τ᾿ runs 
through the group G, so does τ ', we deduce that 


5κ,είβυχι +--+ Sx; Bxn = 0). (19.4) 


Hence, since the coefficients of (19.4) belong to F and 

Sx (P,) = Sx;x(@) is non-zero, the set {xj, ..., eh ae 

linearly dependent over F and so does not form a basis. 
This completes the proof. 


COROLLARY. The images of an element x under the auto- 
morphisms in the Galois group form a normal basis if and 
only if the matrix [(t,t,)(x)]| is non-singular. 


We now contend that every separable normal extension 
of finite degree has a normal basis. As in the case of the 
Primitive Element Theorem (18.1), separate proofs are 
required for finite and infinite fields. We shall consider 
only infinite fields; in this case the result follows from 
the next two theorems. 

THEOREM 19.2. Let K be a field, F a subfield of Καὶ with 
infinitely many elements; let f be a non-zero polynomial in 
PK). Then there are infinitely many ordered n-tuples 
a = (a), ..., @,) of elements of F such that o,( f ) is non-zero. 

I 
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Proof. We proceed by induction on ἡ. 

Suppose = | and let f be a polynomial of degree d 
in P,(K) = P(K). Then f can have at most d roots in F; 
so there are infinitely many elements a of F which are not 
roots of f, i.e., such that o,(f) # 0. 

Next suppose we have established that if g is any 
polynomial in P,(K) there are infinitely many ordered 
k-tuples a’ = (a,, ..., a,) of elements of F such that o,-(g) 
is non-zero. Let f be any non-zero polynomial in P,,,(K); 
since, by definition, P,.,(K) = P(P,(K)), we may express f 
in the form 

f= Got GiXpert--- +9 Xe 


where go, ..., g, are polynomials in P,(K). Since f is not 
the zero polynomial, at least one of the polynomials go, 
ἐν 9, must be non-zero—say g;. According to the inductive 
hypothesis, there are infinitely many ordered k-tuples 
a’ = (αι, ..., a) of elements of F such that o,(g;) is non- 
zero. For each of these k-tuples a’, the polynomial 


ἴω = FglGo)+ FAI DX p41 +--+ OG )Xi+1 
is a non-zero polynomial in P(K). Hence there are infinitely 


many elements a,,,; of F such that o,,,,(/a) is non-zero. 
But if we set a = (a;, ..., Gy, G,4 1) it is clear that 


OAS ) = Gans Sa). 


Hence we see that there are infinitely many ordered 
(k+1)-tuples a = (a,, ..., @4,) of elements of F such that 
o,(f ) is non-zero. 

This completes the induction. 


THEOREM 19,3. Let Καὶ be a separable normal extension 
of finite degree n over a subfield F which contains infinitely 
many elements. Let G = {t,, ..., τοὶ be the Galois group 
of K over F. If f is a polynomial in P,(K) such that, for every 
element ἃ of Καὶ, the result of substituting (t,(«), ..., t,(c)) 
in f is zero, then f is the zero polynomial. 
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Proof. Let {x,, ..., X,} be a basis for K over F. Then, 
according to Theorem 19.1, the matrix [t,(x,)] is non- 
singular, and hence has an inverse, [,;] say. 

Let g be the polynomial in P,(K) obtained from f 
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when we replace each X, by γ t(x)X; (i=1,..., η}.Ψὕ 


If a = (αι. ..., 4.) 1S any sidered pbasle of elements of F, 
we set α = a,X,+...+4,X,; then 


(a) = a, (x,)+...+4,t(x,) (i = 1, ..., η). 

We notice then that the result of substituting a in g is the 
same as the result of substituting (t,(@), ..., t,(@)) in f, 
and this, by hypothesis, is zero. It follows from Theorem 
19.2 that g is the zero polynomial, since otherwise there 
would be infinitely many n-tuples a for which o,(g) is 
non-zero. 

Let now b = (A, ..., 


elements of Fandsetc;= δὶ t;,b, (j=1,..., 
r=1 


we have 


δι) be any ordered n-tuple of 
n). Then 


= T(xj)ej = δ᾿ of T(x θεν, 
-Σ 


r=1 


( Σ τυ) b, ᾿Ξ Ρ,, 
πὶ 


since ᾿ t(x,)t;, is the (i, r)th element of the unit matrix, 


j= 
Hence the result of substituting c = (c,, ..., c,) ing is the 


same as the result of substituting 


4 τιί(χ )ο)» very ps “(8 = (b,, .... δὼ 


inf. Thus σμρί [ἡ = σ,(9) = 0. 
It follows at once from Theorem 19.2 that f is the 
zero polynomial. 
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We can now prove the Normal Basis Theorem for the 
case of infinite fields. 


THEOREM 19.4. Let K be a separable normal extension 
of finite degree over a subfield F which contains infinitely 
many elements. Then there exists a normal basis for K 
over F, 


Proof. Let G = (τι, ..., t,} be the Galois group of K 
over F. We write t,t; = τριι, ;. Since t,t; = τιτι if and 
only if j = αὶ, it follows that p(i, [) = p(i, k) if and only if 
j =k; similarly, p(A, /) = p(i, j) if and only if ἢ =i. 
Consider now the polynomial f in P,(K) obtained by taking 
the determinant of the matrix whose (i, j)th element is 
Xi, 7. It follows from our remarks about p(i, 7) that X, 
occurs exactly once in each row and exactly once in each 
column of this matrix. If now we substitute the ordered 
n-tuple (e, 0, ..., 0) in f we obtain the determinant of a 
matrix in which the identity element e of F occurs exactly 
once in each row and exactly once in each column; the 
determinant of such a matrix is either e or —e. Hence f 
is not the zero polynomial. 

It now follows from Theorem 19.3 that there is at least 
one element x of K such that the result of substituting 
(t,(x), ..., T,(x)) in f is non-zero. But the result of this 
substitution is the determinant of the matrix [7,(t,(x))]; 
so this matrix is non-singular. Hence, by the Corollary 
to Theorem 19.1, {t,(x), ..., t,(x)} is a normal basis for Καὶ 
over F. 


Examples ΠῚ 


1. Let K be an algebraic extension of a subfield F. | 


If for every element α of K the minimum polynomial of « 
over F has degree either 1 or 2, prove that K is a normal 
extension of ἘΚ, 


2. Let L be an algebraic extension of a subfield F, Καὶ a 


Le - i ae 
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subfield of L containing F which is a separable normal 
extension of F. Prove that for each clement « of L the 
minimum polynomial of « over F splits in P(K) as a product 
of irreducible factors all of the same degree. 

3. Let K be a separable normal extension of finite 
degree over a subfield F. If « is an element of K which has 
exactly r distinct images under the automorphisms in 
the Galois group of K over F, show that (F(a): F) = r. 

4. Let K be a splitting field over F for a separable 
polynomial f in P(F); let G be the Galois group of Καὶ 
over F. Denote the set of roots of f in Καὶ by W, and for 
each F-automorphism t in G define a mapping t of W 
into K by setting τ΄ (α) = t(«) for every root « of f in Κὶ 
Show that τ΄ is a permutation of W (ie., a one-to-one 
mapping of W onto itself). Thus we may consider G as 
a group of permutations of W. Prove that this group is 
transitive if and only if f is irreducible in P(F). (A group G 
of permutations of a set W is said to be transitive if for 
every pair of elements α, β of W there exists an element 
t in G such that t(a) = β.ἢ) 

5. Let K be a separable normal extension of finite 
degree over a subfield F; let G be the Galois group. If 
E is a subfield of K containing F, corresponding to the 
subgroup H of G, show that two elements of G have the 
same effect on E if and only if they lie in the same left 
coset of G relative to H.t Prove also that the number of 
F-automorphisms of E is equal to the index of H in its 
normaliser. *| 

6. Construct subfields of C which are splitting fields 
over Q for the polynomials ¥*— X?—6 and X¥°—3; deter- 
mine the Galois groups and the subfields of those splitting 
fields. 

7. Let E be a separable extension of finite degree m 
over a subfield F. For each element « of £ we define 

+ L.F.G., 8 25. t LF.G., § 12. © LE.G., § 30. 
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elements 7, /-(x) and δε ,ε(α) of F, which we call the reduced 
norm and reduced trace of «, as follows. Let the minimum 
polynomial of « over F be X*+a,X*~'+...4+a,; then set 
Ng ε(α) = (—1)*a, and 5 ,ε(α) =—a,. Prove that if m = Kil, 
then Neg /p(%) = (ngyp(a))' and δὲ με(α) = Ise μία). 


8. Show that /2+,/3 is a primitive element for 
Q(,/2, ./3) over Q. Find a primitive element for Q(z, i) 
over “ where « is the positive real number such that 
QO = ἐ. 


9. Let α be the positive real number such that αὐ = 2. 
Set K = Q(z, i), E=R. Determine the subfields E(K) 
and EK of C and verify Lagrange’s Theorem. 


10. Show that {w, οὖ is a normal basis for Q(o) 


over Q, where ὦ = 4(—1+i 3). Find gosta 
for Q(i) over Q. 3). Find a normal basis 


CHAPTER IV 


APPLICATIONS 


§ 20. Finite fields. We saw in § | that for every prime 
number p there exists a field with p elements, namely the 
field Ζ, of residue classes of integers modulo p. Further- 
more we deduce easily from Theorem 3.2 that every field 
consisting of p elements is isomorphic to Z,. If we follow 
our usual practice of regarding isomorphic fields as 
“essentially the same”, we may say that for each prime 
number p there exists one and “ essentially only one = 
field with p elements. It is natural to wonder whether 
there are any other fields which consist of only finitely 
many elements and, if so, what can be said about their 
structure. We begin this investigation by proving a result 
which holds for all fields, finite or infinite. 


THEOREM 20.1. Let F be a field, M a finite subgroup 
of the multiplicative group F* of non-zero elements of F. 
Then M is a cyclic group. 


Proof. Since multiplication in a field is commutative, 
M is a finite abelian group. Hence, according to the 
theory of such groups, M is isomorphic to a direct product 
M,x...xM, of finite cyclic groups of orders m,, ..., m, 
respectively, such that m,; is a factor of m;_, (i = 2, ..., r).T 
It follows that the order of each element of M is a factor 
of m,; so every element a of M is a root of the polynomial 

+ L.F.G., § 45, where, however, abelian groups are written 
additively. 
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X™'—e (where ὁ is the identity element of F and hence 
also of M). But this polynomial cannot have more than 
m, roots in δι Hence M = M,, which is cyclic of order 
Mm. 


We now establish a number of simple but important 
properties of finite fields. 


THEOREM 20.2. Ler F be a finite field. Then (1) the 
characieristic of F is a prime number p and the number of 
elements q in F is a power of the characteristic; (2) the 
non-zero elements of F are all powers of a single one of 
them; (3) every element of F is a root of the polynomial 
A"— X, and F is a splitting field of this polynomial over its 
prime field. 


Proof. (1) We have already proved, in the Corollary 
to Theorem 3.2, that the characteristic of F is a prime 
number p. Thus, according to Theorem 3.2 itself, the 
prime field Fy) of F is isomorphic to Z,. It is clear that F 
must be of finite degree over Fo, say (F: Fy) =n: let 
{X1, -.-, X,} be a basis for F over Fy. Then every element 
x of F can be expressed uniquely in the form 


+= QyX, +... F4,X, 


where a, ..., @, are elements of Fy. Since there are p 
possible choices for each of the coefficients afi = 1, ..., πὴ 
it follows that there are precisely p” elements of Ῥ, 1.δὲ, 
q = p”. 

(2) Since the multiplicative group F* of non-zero 
elements of F is finite, it follows from Theorem 20.1 that 
F* is cyclic; that is to say, all its elements are powers of a 
single one of them. 


(3) Since F* has  -- 1 elements, it follows that for every 
non-zero element x of F we have x*~! = e and hence 
x* =x. But since Οἵ -- 0 also, it follows that every 
element of F is a root of ¥’—X. It follows that X¥7—¥ 
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has q distinct roots in F and hence, since it has degree q, 
splits completely in P(/’). Clearly it cannot split completely 
in any subfield of F; so F is a splitting field for X7—X 
over Fo. 


COROLLARY. Any two finite fields having the same number 
of elements are isomorphic. 


Proof. Suppose δὶ and F, are fields with g = p" 
elements. Then their prime fields are isomorphic (since 
both are isomorphic to Z,). The result now follows from 
Theorem 11.2 since both F, and F, are splitting fields of 
X%—X over their prime fields. 


Theorem 20.2 shows that we cannot construct finite 
fields with 4, elements unless g, is a power of a prime 
number. But if g, is a power of a prime we shall deduce 
from the next theorem that there do exist fields with q, 
elements; by the corollary we have just proved, all such 
fields are isomorphic. 


THEOREM 20.3. Let F be a finite field with q elements, 
n a positive integer. Then there exist extensions of F of 
degree n, and all such extensions are isomorphic. 


Proof. As in the first part of Theorem 20.2 we can 
show that every extension of F of degree n contains 4) = q" 
elements; so, by the Corollary, all such extensions are 
isomorphic. 

To show that there exists at least one extension of 
degree m we construct a splitting field K over F for the 
polynomial f = X*'—X; we shall consider F as a subfield 
of K. Now the derivative of f is Df = g,X"~'-e = —e, 
since g, is divisible by the characteristic of F; hence f 
and Df have no non-constant common factor (because 
Df has no non-constant factor at all). It follows from 
Theorem 13.1 that f has exactly g, = g” distinct roots in Καὶ. 

Let E be the subset of K consisting of these g” distinct 
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roots. Then ΚΕ contains F; for if a is any element of F 
it follows from Theorem 20,2 that a? = a and hence, by 
iteration, a7’ = a. Next we show that E is actually a 
field. For, if x and y are roots of f in K, we may apply 
the Corollary of Theorem 3.3 and obtain 


(x+ yy)" = x+y" = x+y, 
(xy)™ = xB y" = xy, 
(=—x)" = ταῦ = —x, 
and, if x is non-zero, 
et) = xP) Se x"; 
thus x+y, xy, —x and (when x is non-zero) x7! lie in E. 
Hence E is an extension of F with q" elements. 


COROLLARY 1. Jf p is a prime number and n is any positive 
integer, there exists one (and essentially only one) field 
with p” elements. 

Proof. We have only to take F = Z, in the theorem. 


Finite fields are sometimes called Galois fields, and the 
(essentially unique) field with p" elements is often denoted 
by GF(p”"). 

COROLLARY 2. Jf E is an extension of finite degree over 
a finite field F, then there exists a primitive element for E 
over F, 

Proof. Let « be a generator of the cyclic multiplicative 
group of non-zero elements of E. Then clearly E = F(a). 

_ We remark that Corollary 2 completes the proof of the 
Primitive Element Theorem (18.1). 


COROLLARY 3. If F is any finite field, the polynomial ring 
P(F) contains irreducible polynomials of every degree. 


Proof. Let ἢ be any positive integer. Let Ε be an exten- 
sion of F of degree n; we have just seen in Corollary 2 
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that there is an element α of E such that E = F(x). Let m 
be the minimum polynomial of « over F, Then m is an 
irreducible polynomial in P(/’) and, according to Theorem 


8.2, Om = (F(a): ΕἾ = n. 


Let F be a finite field with g elements, K an extension 
of degree n over F: we shall suppose that K contains F. 
Since all finite fields are perfect (Corollary to Theorem 
13.3), K is a separable extension of F; since K is a splitting 
field over F of a polynomial in P(F), K is a normal extension 
of F (Theorem 15.1). We now determine the Galois group 
of K over F. 


THEOREM 20.4. Let F be a finite field with q elements, K 
an extension of degree n over F containing F. Then the 
Galois group of K over F is cyclic of order n and is generated 
by the F-automorphism τ defined by setting t(x) = x* for 
all elements x of K. 


Proof. Since (K: F) =n, the Galois group G of Καὶ 
over F is of order ἢ. 

We now show that the mapping τ is actually an F- 
automorphism of XK. Certainly τ is a homomorphism of 
K into itself (Corollary to Theorem 3.3). Since t(e)=e # 0, 
t is not the zero homomorphism, and hence (Theorem 3.1) 
is ἃ monomorphism. But, because XK is a finite field, it 
must therefore be an automorphism. Finally, for every 
element a of F it follows from Theorem 20.2 that 


t(a) = αἴ = a; 


thus τ is an F-automorphism of K. 

Let ὦ be the order of τ in G; of course d<n. Then, 
for every element x of K, we have x = e(x) = t4(x) = x®. 
So all the g" elements of K are roots of the polynomial 
X®~—X; hence g"<q‘, i.e., n<d. It follows that d =n; 
thus τ has n distinct powers in G. So all the elements of 
G are powers of τ, i.e., G is a cyclic group generated by τ. 
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ἃ 21. Cyclotomic extensions. Let F be a field with 
identity element e; for every positive integer m we denote 
by k,, the polynomial ¥"~—e in P(F). An extension of 
F is called a cyclotomic extension if it is a splitting field 
over F of one of the polynomials &,,,. 

Suppose now that F has non-zero characteristic p; 
then every positive integer m can be expressed in the form 
m = p'm,, where r=0 and p does not divide m,. Then 
we have k,, = X"—e = (X”™'—e)”’: and so every splitting 
field of k,,, over F is also a splitting field for k,, over F. 
Hence in the case where F has non-zero characteristic we 
may restrict our attention to those polynomials &k,, for 
which m is not divisible by the characteristic. For such 
a polynomial, Dk,, = mX"~* is not the zero polynomial; 
the only non-constant monic factors of Dk,, are powers 
of X, none of which is a factor of k,,. It follows from 
Theorem 13.1] that k,, is a separable polynomial. Hence 
all cyclotomic extensions of F are separable and normal. 

Let Καὶ, be a splitting field for k,, over F, where m is 
not divisible by the characteristic of F if this is non-zero; 
we shall suppose that K,, contains F as a subfield. As we 
have just seen, the m roots of k,, in K,, are all distinct; 
we call them the mth roots of unity in X,, and denote them 
by ¢,, .... ἔμ These mth roots of unity clearly form a 
subgroup of the multiplicative group of non-zero elements 
of K,,; for, if ζ, and ¢; are mth roots of unity in K,,, we 
have (C¢)" = C707 =e and (¢; ')"=e and so (,f, and 
¢>' are also mth roots of unity. According to Theorem 
20.1, the group of mth roots of unity in K,, is a cyclic group. 
Any one of the roots of unity which can be taken as a 
generator of this group is called a primitive mth root of 
unity in X,,. If ¢ is a primitive mth root of unity, then it 
is easily verified that the order of (’ in the group of mth 
roots of unity is m/d, where d is the highest common factor 
of r and μη: it follows that the primitive mth roots of 
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unity are precisely those of the form ζ΄ where r is relatively 
prime to m.+ In particular, if m is a prime number, every 
mth root of unity except the identity element e is a primitive 
mth root of unity. It is clear that any primitive mth root 
of unity € may be taken as a primitive element for K,, 
over F: that is to say, K,, = F(¢). 

Since cyclotomic extensions are separable and normal 
it is natural that we should try to get some information 
about the Galois groups of such extensions. For this 
purpose we recall to mind the group R,, which we intro- 
duced in Example 4 of ὃ 1. The elements of this group R,, 
are the residue classes modulo m consisting of integers 
which are relatively prime to m, and we form the product 
of two such relatively prime residue classes C,, C, by 
choosing integers m,, 2 from C,, C2 respectively and 
defining C,C, to be the residue class containing n,n. 
We denote the order of R,, by (7), and it can be shown 


that 
φύη) = m Πί!- ;) 


where the product is extended over the prime numbers p 
which divide m. 

We can now state our first theorem about the Galois 
group of a cyclotomic extension. 

THEOREM 21.1. Let F be a field, ma positive integer 
which is not divisible by the characteristic of F if this is 
non-zero. Let Καὶ, be a splitting field for k,, over F containing 
F. Then the Galois group G of K,, over F is isomorphic 
to a subgroup of R,,,. 

Proof. Let € be a primitive mth root of unity in Κ΄. 
If t is any element of G, τίζὺ) is also a primitive mth root 
of unity: hence there is an integer n, relatively prime to 
m such that τί = ¢". We now define a mapping θ᾽ of 


7 L.F.G., § 8 and 9. 


᾿Ξ πὰ τὰ 
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G into R,, by setting 0(t) = the residue class of n, modulo 
m. Then θ isa homomorphism; for if t and p are elements 
of G we have 


cree = (τρ)() = t(o(C)) = (077) = (τ(ἢ)» = Or”, 


whence ,, = Ji, mod. m, and hence 6(tp) = θ(τ)θ(ρ). 
Next, θ is one-to-one; for if τ # p then t(¢) τέ p(Q), i.e., 
(™ # ζ"» and hence ἡ, and n, lie in different residue classes 
modulo m. 

It follows that G is isomorphic to the subgroup 6(G) 
of R,,,. 


The conclusion of this theorem clearly cannot be refined 
unless we are given some further information about the 
field F. For example, if F already contains a primitive 
mth root of unity, then K,, = F and the Galois group G 
consists of the identity element alone. Again, if F is a 
finite field with gq elements and m = q"—1, the results of 
§ 20 show that K,, has degree nm over F and the Galois 
group G is a cyclic subgroup of order in R,,. We shall 
show in the next section that if F = Q, the field of rational 
numbers, then the Galois group of K,, over F is in fact 
isomorphic to R,, itself. 

For the moment, however, let F be an arbitrary field 
and K,, a splitting field for k,, over F containing F (as 
usual we assume that m is not divisible by the characteristic 
of F if this is non-zero). If dis any factor of m, 1Sd<m, 
the polynomial k, = X’—e is a factor of k,, = X™—e 
and hence included among the mth roots of unity in X,, 
there are d distinct dth roots of unity and in particular 
¢(d) primitive dth roots of unity. Thus for each factor d 
of m we may define the polynomial ®, in P(K,,) by setting 


Φ, = Πα —Cy), 


where the product is taken over all the primitive dth roots 
of unity (, in K,,; then 00, = ¢(d). Since every mth 
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root of unity ζ is a primitive dth root of unity for some 
factor d of μι (εἰ is the order of ζ in the multiplicative group 
of mth roots of unity), it follows that 


Κι, ΞΞ X™—e ᾿ν- [Φ,, 


where the product is extended over all the factors d of m, 
i<d<m. The polynomial ©,, is called the mth cyclotomic 
polynomial. 


THEOREM 21.2. For every positive integer m, the .co- 
efficients of the mth cyclotomic polynomial belong to the 
prime field of F; if F has characteristic zero and we identify 
the prime field with Q, these coefficients are integers. 


Proof. We proceed by induction on m. 

Certainly Φ, = X¥—e has coefficients in the prime field. 
If the prime field is Q we have e = 1 and so 9, = X—1 
has integer coefficients. 

Suppose now that the result of the theorem holds for 
all factors d of m such that d<m. Then we have 


X"~—e = ®,, []'®., 


where the product IT’ on the right-hand side is extended 
over all the factors d of m such that lsd<m. By hypo- 
thesis, all the factors in this product have coefficients in 
the prime field; X—e has coefficients in the prime field. 
Hence so does ®,,. In the case where the prime field is Q, 
every factor in the product has integer coefficients and 
leading coefficient 1; when we divide a polynomial with 
integer coefficients by a polynomial with integer coefficients 
and leading coefficient 1 the quotient has integer coefficients. 
Thus ©,, has integer coefficients. 


Example. We shall compute ὦ, 8. 
Since the factors of 18 are 1, 2, 3, 6, 9 and 18, we have 


x -1 - Φ, 0,0,0,0,9, ¢. 
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Similarly, since the factors of 9 are 1, 3 and 9, we have 


x? - J = D,O,Do. 
Hence 

ΧΡ. 1 = 0,0, ¢. 
The occurrence of ©, in this product suggests that we 
examine ¥°—1; we have 


/ a* -1Ξ 0,0,0,9,. 
Now clearly 


X*—1 =0,,. 
0,0, = X°+1. 


So we have 


Thus finally 
D3 = (X°+1)/(X2 -Ἐ = X°—-XP +1. 


§ 22. Cyclotomic extensions of the rational number field. 
We now approach the task of proving the result mentioned 
above (just after Theorem 21.1) that if F = Q then the 
Galois group of K,, over F is isomorphic to the multi- 
plicative group R,,, of residue classes modulo mm relatively 
prime to m. For this purpose we require some preliminary 
results concerning polynomials with rational coefficients 
and polynomials with integer coefficients. Let f be a 
polynomial in P(Z); then the content of f is the positive 
highest common factor of the coefficients of f; if the content 
of f is | we say that f is a primitive polynomial. Clearly 
if f is any polynomial in P(Z) we may write f = cf,, where 
c is the content of f and ἢ is a primitive polynomial in 
P(Z). 


THEOREM 22.1. Jf a polynomial with integer coefficients 
can be expressed as a product of two polynomials with 
rational coefficients, then it can be expressed as a product 
of two polynomials with integer coefficients. 


Proof. Let f be a polynomial in P(Z) and g,, 5. two 
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polynomials in P(Q) such that f = 9192. Let m,, m2 be 
the least common multiples of the denominators of the 
coefficients of 41, g2 respectively. Then hy = 491 and 
h, = mzgz are polynomials in P(2). Let c, and c, be 
the contents of A, and h, and write hy = c,h}, hz = ¢zh2, 
where h’, and ἢ are primitive polynomials in P(Z). Then 
we have 


(m,m2)f= (c,c2)(hh4). 


We claim that hh is a primitive polynomial. So let 
p be any prime number. Since hy = dg+a,X +a,X* +... 
and hi = bp +b,X+b,X 24... are primitive polynomials, 
each has at least one coefficient which is not divisible by 
p; let a; and b, be the first coefficients of hi, and hj 
respectively which are not divisible by p. Then the co- 
efficient of X'*/ in hihi is Za,b,, where the summation 
extends over all pairs of indices (v, μὴ) such that ν Ἐ μ = 11. 
If v#i, μ #/j and v+p = [1], then either v<i or #</ 
and hence either a, is divisible by p or 5, is divisible by p; 
thus all the terms in the summation are divisible by p 
except for a,b, itself, and so the sum is not divisible by p. 
It follows that for every prime number p, hh} has at least 
one coefficient which is not divisible by p; hence the 
positive highest common factor of the coefficients of hyh, 
is 1, ie., Δ. is primitive. 
ὲ 1 follows ant c,¢, is the content of (m,m,)f. But 
m,mz, is clearly a factor of the content of (mm,)f : Jeaice 
¢,C,/m,m, is an integer k, say. Then f=(kh{)h2 1s a 
factorisation of f in P(Z). 


CoroLLary. If f is a monic factor of X"—1 in P(Q), then 
f has integer coefficients. 


We now consider pairs of polynomials 


f = Agta, X+4,X?2 τ... g = Dot bi X+b2X* +... 
K 
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in P(Z); we say that f is congruent to g modulo a positive 
integer ἡ, and we write f=g mod. n, if corresponding 
coefficients of f and g are congruent modulo a, i.e., if 
a; = 6; mod. n (i = 0, 1, 2, ...). 

If k is any positive integer, we shall denote by f™ the 
polynomial obtained from f when we replace ¥ by X%, i.e., 


f = ao +a; X* + a,X7* + nah 


It is easy to verify that the mapping p, of P(Z) into itself 
defined by setting p,(f) =f for every polynomial f in 
P(Z) is a monomorphism. | 

Let now f be any polynomial in P(Z), p any prime 
number. Then we claim that f” = f? mod. p. To see 
this, let f = a9 +a,X+...+4,X*. Then 


Sf? = ah+aiX?+...taPx?+s, 
where s is a polynomial in P(Z) each of whose coefficients 


has a factor of the form p!/ro!r,!...r,! (OSro, 11, «τον 
rg<P, ΤΟ ΤΙ Ἔν. ἜΣ, = p) and so is divisible by p. Hence 


J? = ap t+atx?+...+aix” mod. p. 


Let now a be any integer, A its residue class modulo p. 
Then A is an element of Z,, which is a finite field with p 
elements. So it follows from Theorem 20.2 that A? = A, 
and hence, since A? is the residue class of a? modulo p, 
we deduce that a? = a mod. p. Consequently 


P= agta,X’+...+a,X” =f™ mod. p, 
as asserted. We use this elementary result in the proof 
of the following theorem. 


THEOREM 22.2. Let f be any factor of X™"—1 in P(Z). 
If k is any positive integer relatively prime to m, 
then f is a factor of f™ in P(Z). 

Proof, Since f is a factor of ¥"—1 in P(Z), its leading 
coefficient must be 1 or —1. Thus, if 7 is any positive 


§ 22 APPLICATIONS 137 
integer and we write 
fP=faitty, O,<Af, 


the polynomials q; and r; lie in P(Z). 

We now show that for every positive integer i we have 
rii;=%; So let f= X'+a,X''+...44,; then we 
have 


ferns = (ΧΡ _ Xt) ἐς (XEH Dt) — XC“ DH) +, 
ee x" x™ 1) +4, XO" (XO 1) +... 


All the terms on the right-hand side are divisible by X"—1 
and hence by f. It follows that 


SO —fO = fansittmsi—SUN 


is divisible by f and hence r,,,,—r; is divisible by f; but 
A(rn+i 1) < Of and so it follows that r,,.;—7; is the zero 
polynomial, i.e., ἔπει = 7; 88. asserted. By induction 
Fimti = Fi for Ϊ -- 0, 1. ue cane 

It follows that if i is any positive integer then r, is 
one of the m polynomials r,, ..., %,. Let a be the greatest 
prime number which is a factor of any non-zero coefficient 
of any of these polynomials, setting x = 1 if there are 
no non-zero coefficients or if all the non-zero coefficients 
are either 1 or —1. 

Let now p be any prime number greater than z. We 
have just seen that [Ὁ = f'” mod. p; so there is a poly- 
nomial g in P(Z) such that f? = f'+pg. In the usual 
way we may write g = fh+s, where ἢ and s are polynomials 
in P(Z) and és<déf. Thus we have 


f? =fdptr,t+p(fnts), 


from which we deduce that r,+ps is divisible by f; but, 
since the degree of this polynomial is less than the degree 
of f, we deduce that r, = —ps. Since p>7z, however, p 
is not a factor of any non-zero coefficient of r,; so we 


138 INTRODUCTION TO FIELD THEORY § 22 


have here a contradiction unless r, and s are equal to the 
zero polynomial. 

We have thus established that, if p is any prime number 
greater than z, f is a factor of f*. 

It now follows easily by induction that if p,. ..., p, 
are n prime numbers greater than z (not necessarily distinct) 
then f is a factor of ΚΠ} Namely, suppose we have 
established that f is a factor of (@"*-; then f” is a 
factor of (/(?t--Pn-1))(Pa) — f(P1-Pn) and since f is a factor 
of f” the desired result follows. 

Now let & be any positive integer relatively prime to 
m. We denote by / the product of all the prime numbers 
Sn which do not divide k (setting / = 1 if there are no 
such prime numbers). Then all the prime factors of 
ΚΝ are greater than x. Hence f is a factor of f**™, 
1.€., km, iS the zero polynomial and so, finally, r, is the 
zero polynomial. 

Thus f is a factor of f™, as asserted. 


We now return to our problem of determining the 
Galois group of a splitting field of k, = X"—1 over the 
field of rational numbers. 


THEOREM 22.3. Let K,, be a splitting field of k,, over 
Q which contains Q. Then the Galois group G of K,, over 
Q is isomorphic to the multiplicative group R,, of residue 
classes modulo m which are relatively prime to Ὧι. 


Proof. Let ¢ be a primitive mth root of unity in Καὶ,» 
In Theorem 2].] we set up a monomorphism θ᾽ of G into 
R,, by remarking that for each automorphism t in G we 
have τίζ) = ζ5 where ἢ, is relatively prime to m, and then 
setting θ(τ) = the residue class of n, modulo m. We 
shall now show that @ is an epimorphism. 

Let f be the minimum polynomial of ζὥ over Ὁ, Then f 
is a monic factor of X¥"—1 in P(Q) and hence, according 
to the Corollary to Theorem 22.1, f has integer coefficients. 
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Now let C be any relatively prime residue class modulo 
m: lets be any integer in C. It follows from Theorem 22.2 
that f is a factor of f“’—say f= fg, Applying the 
substitution homomorphism @, we see that 


off) = of f og.) = 0. 


But the result of substituting ¢ in f© is the same as the 
result of substituting (* in f; so ¢° is a root of f. Since 
f is an irreducible polynomial in P(Q) and K,, is a normal 
extension of Q, it follows from Corollary 3 to Theorem 15.1 
that there is a Q-automorphism τ of K,, which maps 4 
onto ζ΄. Clearly 0(t) = C, and hence θ is an epimorphism, 
as asserted. 
This completes the proof. 


COROLLARY. The cyclotomic polynomials ®,, are all 
irreducible in P(Q). 


Proof. Let ζ be a primitive mth root of unity in a 
splitting field K,, of X"—1 over Q; let f be the minimum 
polynomial of £ over Q. We have just seen that each of 
the #(m) primitive roots of unity in K,, is a root of [: 
hence ®,, is a factor of f. Since Φ, is a monic polynomial, 
it follows that ®,, = f and so is irreducible. 


§ 23. Cyclic extensions. Let F be a subfield of a field K. 
Then K is said to be a cyclic extension of F if it is a separable 
normal extension of finite degree over F with cyclic Galois 
group. In this section we shall obtain some of the simple 
classical results about such extensions. Our first theorem 
appeared in Hilbert’s Zahlbericht (Die Theorie der algebra- 
ischen Zahlkérper, 1897) and is traditionally referred to as 
Hilbert's Theorem 90. 


THEOREM 23.1. Let K be acyclic extension of a subfield 
F; let τ be a generator of the Galois group of K over F., 
If x is an element of K, then Nx ;-(x) = ὁ (the identity of F) 
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if and only if there is an element y in K such that x = y/t(y), 
and Sx ;-(x) = 0 if and only if there is an element z in Καὶ such 
that x = z—1(z). 


Proof. Suppose (K: F) =n; then t” = 8, the identity 
automorphism. 
(1) Suppose x = y/t(y). Then 
Nxjp(x) = e(x)t(x)t7(x)...0"~ *(x) 
ot BS) FTO, 
uy) τ Ὁ) τ) τῸ) 


Similarly, if x = 2 - τίζ), we have Sx μ(χ) = 0. 
(2) Conversely, suppose that 


Nx jp(X) = 0(x)t(x)t7(x)...0" (x) = e. 


Then x is clearly non-zero and it follows at once that 
x7) = 1(x)t*(x)...t"~ 10). 

Next, since the set of automorphisms {e, τ, τῇ, ..., τὴ ἢ 
is linearly independent over K (Theorem 14.1), the mapping 


e+xt+xt(x)t? + toe +xt(x). ΠΡ τὰν ὁ σοὶ 


is not the zero mapping of K into itself. That is to say, 
there is an element ¢ of K such that 


y = t+xr(+x0(x)t7( +... -Ἐ χτΟῦ... τὸ 2x)" (9) 
is non-zero. Applying the automorphism τ we obtain 
τί») = τί) -- t(x)t7() + t(x)t7(x) τ 
+... 4+1(x)t7(x)...0°7 (x)t = x7 yp. 


Thus x = y/t(y). 
Similarly, suppose 
Sx A(X) = χε τα) τ )Έ... Ἐτη (x) = 0. 
Then of course t(x) + 1t7(x)+...+ 1" (x) = —x. 
We saw in Theorem 17,1 that Sy,, is not the zero 
mapping; so let ¢ be an element of K such that Sx (ἢ 
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is non-zero, and consider the element 
z, = xt(t)+(x+1(x))t7() +... 

+(x+t(x)+...+2"72(x))t"- ΤΩ. 
Applying the automorphism t we obtain 
(21) = (x)? +(x) + τ Οὐ) O(O+--- 

(τ) τ )ΈῈ... Ἐ τη (x) 
= τὴτξ(ἡ - (τι) το τ) Ἑ... παῖ. 
Hence we have 
z,-Uz,) = χίι-᾿ τῇ τ τ Ἑ... +07 (OD) = χϑκ μ(ῇ. 

Since Sx ;p() lies in F and hence is left fixed by τ, it follows 
that if we write z = z,/Sx,p(0), then x = z—1(2). 

Before passing on, we remark that the expression of 
an element x of K in the form x = y/t(y) is not unique; 
but clearly y/x(») = y1/7()1) if and only if y/yy = τ»), 
i.e., if and only if y/y, belongs to F. Similarly we have 
z—t(z) = z,—1(z,) if and only if z—z, belongs to F. 

We shall now study cyclic extensions of degree m over 
a field F under the hypothesis that the polynomial 

k, = X"-e 


splits completely in P(F); this is equivalent to saying that 
F contains a primitive nth root of unity. In this situation 
we shall show that the cyclic extensions of degree n are 
splitting fields of irreducible binomials, i.e., polynomials 
of the form X"—a. 


THEOREM 23.2. Let F be a field and let n be a positive 
integer not divisible by the characteristic of F (if this is 
non-zero). Suppose that k, splits completely in P(F). If 
K is a cyclic extension of degree n over F containing F, 
there exists an element a of F such that X"—a is irreducible 
in P(F) and K is generated over F by a root of X"—a. 
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Proof. Let t be a generator of the cyclic Galois group 
G of K over F. | 

Since k, splits completely in P(F), F contains a primitive 
nth root of unity, € say. Then ζ is left fixed by all ἡ 
elements of G, since they act like the identity on F, and so 
Nx εἰ = [" =e. It follows from Theorem 23.1 that 
there is an element « of K such that ζ = αἰτία); hence 
t(x) = €~'a. It follows by induction that for k = 0. 1, .... 
n—1 we have τ'(α) = €~“x. Thus the subgroup of G 
which leaves « (and hence F(«)) fixed consists of the identity 
element ¢ alone. Hence, according to Theorem 16.1, 
(K: F(x)) = 1 and so Καὶ = F(a). 

Next we remark that e = (" = (a/1(x))" = a"/t(z"): so 
t(x") = α", and hence, by induction, t*(x") = α" for k = 0, 
I, ..., 2-1. Thus αὐ belongs to the fixed field under G, 
which is of course F itself. Set α" =a. Then «& is a root 
of the polynomial X"—a in P(F); hence the minimum 
polynomial m of ἃ over F is a factor of ¥"—a. But 
om = (F(a): F) =n and m is a monic polynomial; so 
m= X"—a and hence X"—a is irreducible in P(F). 

It is clear from the form of the roots t*(x) = {~*e 
of X"—a that they all belong to K; hence K is in fact a 
splitting field of X"—a over F. 


We now show that, under the same assumption that 
k, splits completely in P(F), the splitting fields of all 
binomials X"—a are cyclic extensions of F (though not 
necessarily of degree 7). 

THEOREM 23.3. Let F be a field and let n be a positive 
integer not divisible by the characteristic of F (if this is 
non-zero). Suppose that k, splits completely in P(F). If 
a is any non-zero element of F and K is a Splitting field 
of X"—a over F containing F, then K is a cyclic extension 
of F, generated over F by any one of the roots of X"—a. 


Proof. Since D(X"—a) = nX"~' is not the zero poly- 
nomial, ¥"—a has no non-constant factor in common with 
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its derivative and hence is a separable polynomial, Thus 
K is a separable normal extension of F. 

Let « and f be any two roots of X"—a in K. Then 
(x/B)" = δὶ so αἱ is an nth root of unity in K and hence 
lies in F. Thus f lies in F(a); so K, which is generated 
over F by the set of all the roots of Y"—a, coincides with 
F(a). 

Let G be the Galois group of K over F; since every 
element of K can be expressed as a polynomial in « with 
coefficients in F (Theorem 8.2), it follows that each F- 
automorphism t of K is completely determined once we 
know its action on x. Since t(x) is also a root of X"—a, 
then, as we saw in the preceding paragraph, there exists 
an mth root of unity ζ, in F such that t(a) = Ca. 

This allows us to define a mapping @ of G into the 
group of nth roots of unity in F; namely, we set @(t) = C, 
for all automorphisms τ in G. This mapping is clearly 
one-to-one; but it is also a homomorphism, for if t and 
p are any two elements of G we have 


top) = ©PIED τρῶν, τῶ τρῶν 


α a ta) 


= τῷ PO _ G4) 
o ἃ 
(we use the fact that τ(ρ(α)  α) = p(a)/« since p(«)/x belongs 
to F). Thus ᾧ is an isomorphism of the Galois group G 
onto the subgroup #(G) of the group of nth roots of unity 
in F; but this is a finite subgroup of the multiplicative 
group of F and hence 15 cyclic, by Theorem 20.1. 
Thus G is a cyclic group as asserted. 


Next let F be a field of non-zero characteristic p; we 
proceed to study cyclic extensions of degree p over F. 


THEOREM 23.4. Let Καὶ be a cyclic extension of degree p 
over a subfield F of non-zero characteristic p. Then there 
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exists an element a of F such that ΧΡ -- X—a is irreducible 
in P(F) and Καὶ is generated over F by a root of ΧΡ -- X—a. 


Proof. Let t be a generator of the cyclic Galois group 
G of K over F. 

If e is the identity element of F, it is left fixed by all 
the elements of G; hence Sx ;-(e) = e+e+...+e = pe = 0. 
It follows from Theorem 23.1 that there exists an element 
α' of Καὶ such that e = a’—t(a’); if we set « = —a’ we have 
t(a) = a+e. Then, by induction, we deduce that for 
k=0, 1, ..., p-1 we have t'(a)=a+ke. Thus the 
subgroup of G which leaves α (and hence F(«)) fixed consists 
of the identity automorphism alone. Hence, by Theorem 
16.1, (K: F(a)) = 1 and so K = F(a). 

Now let us examine 
τί(αῬ --αἡ = (t(a))’—t(a) = (x+e)?—(a +e) 

= of +e—c—e = a? --αἱ 
by induction, t*(a?—a«) = αὐ --α for k =0, 1, ..., »--Ἱ. 
Thus «’—« belongs to F (since F is the precise fixed field 
under G). Set «?—a=a. This shows that ἃ is a root 
of the polynomial ΧΡ -- X—a in P(F); hence the minimum 
polynomial m of « over F is a factor of X¥’—X—a. But 
Om = (F(a): F) = p and m is a monic polynomial; so 
m= X°—X-—a and hence X?’—X-—a is irreducible in 
P(F). 

It is clear from the form of the roots t*(a) = «+ke 
of X?— X—a that they all belong to K, which is therefore 
a splitting field over F for this polynomial. 

THEOREM 23.5. Let F be a field of non-zero characteristic 
p. Let a be a non-zero element of F and K a splitting field 
of X’—X—a over F containing F. Then either K = F 
or K is a cyclic extension of degree p over F generated 
over F by any one of the roots of ΧΡ -- X—a., 


Proof. Let « be any root of X’—X-—a in K. Then 
αὖ πὰ =a and hence (x+e)’—(a+e) = a? +e-a-e=a 
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also. By induction it follows that Χ -- X—a has p distinct 
roots in K—namely a, a+e, «+2e, ..., «o+(p—le—all 
of which lie in F(a). Thus K = F(a). 

Each monic irreducible factor of ΧΡ -- X¥—a in P(F) is 
the minimum polynomial over F of at least one of the 
roots of X¥’—X—a. But since each root generates the 
same simple extension of F it follows that the minimum 
polynomials of all the roots have the same degree; hence 
all the irreducible factors of X’—X—a in P(F) have the 
same degree, d say. Then p is a multiple of d and so, 
since p is a prime number, d is either 1 or p. 

If d= 1 all the irreducible factors of ¥?—X—a in 
P(F) are linear, and so all the roots οἵ Χ -- X—a lie in ἢ. 
In this case K = F, 

On the other hand, if d = p, then ΧΡ -- X—a is irreduc- 
ible in P(F). Since it has distinct roots, its splitting field 
K is a separable normal extension of degree p over F. 
Thus the Galois group G of K over F is of order p and hence 
is cyclic. Each automorphism in G is completely determined 
once its action on ἃ is known; since there are p auto- 
morphisms and each must map « on another root of 
χρ χα, they are described by setting t,(«) = ἃ ΚΟ 
(k = 0, 1, ..., p—1), and clearly t= τί, thus showing 
again that G is cyclic, generated by τι. 


§ 24. Wedderburn’s Theorem. A division ring is a ring 
with identity which contains at least two elements and 
has the property that every non-zero element has an inverse 
relative to the multiplication. In the notation of §1, a 
division ring is a ring satisfying the conditions Al, A2, A3, A4, 
M1, M3, M4, AM, that is to say, all the conditions for a 
field except the commutativity of multiplication, Division 
rings are also known as skew fields. A subring of any 
ring R which happens to be a division ring is called a 
division subring of R. 

As in § 2 we may deduce that the product of any two 
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non-zero elements in a division ring D is non-zero and 
hence that the set of non-zero elements equipped with the 
multiplication operation forms a group; we denote this 
group by D* and call it the multiplicative group of the 
division ring. 

The centre of a division ring D is the subset Z of D 
consisting of all the elements of D which commute with 
every element of D; that is to say, an element z of D 
belongs to Z if and only if zx = xz for every element x 
of D. Clearly the zero element of D belongs to Z; if we 
denote by Z* the set of non-zero elements of Z it follows 
that Z* is the centre of the multiplicative group D*.T 

Let a be any element of a division ring D. Then the 
normaliser of a in D is the set N(a@) consisting of elements 
of D which commute with a: so n belongs to N(a) if and 
only if an = na. 


THEOREM 24.1. Let D be a division ring. Then the centre 
Z of D is a subfield of D and the normaliser of each element 
of D is a division subring of D containing Z. 

Proof. Let z, and z, be elements of Z; let x be any 
element of ἢ. Then xz, = z,x and xz, = z,x, whence 

x(Z, +25) = XZy4+NZq = ΖΙΧἜἘ Ζ.Χ = (Ζ) +72)x 

and 
X(Z12Z2) = (Χ2,}22 = (21X)Z2 = 24 (X22) = 2.(22Χ) = (2122). 


Further, if z is an element of Z and x is any element of 
D, we have 


x(—z) = --ἰ 2) = —(zx) = (—2)x, 
and if z is non-zero we have 
ΧΙ * se exe * τὸ ΣΤ ΟΣΣ ὁ me 2 x. 
Hence Z is a division subring of D. But since the elements 


of Z commute with all the elements of D, and hence in 
particular with one another, Z is in fact a field. 


+ LE.G., § 32. 
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The proof of the second part of the theorem is similar 
to that of the first. 


Now let D be a division ring with a finite number of 
elements. Then the centre Z of D is a finite field, with 
ἢ elements, say. If D, is any division subring of D con- 
taining Z, D, may be regarded as a vector space over Z— 
the operations of the vector space being the ordinary 
addition in D, and the multiplication (in D,) of elements 
of D, by elements of Z. If the dimension of this vector 
space over Z is d, it follows that D, has q*' elements. In 
particular, there is an integer ἡ such that D itself contains 
4" elements. 

Now let C be any class of conjugate elements in D*, 
the multiplicative group of D. If x is any element of C, 
the number of elements in the class C is equal to the 
index in D* of the normaliser of x in D*.+ The normaliser 
N(x) of x in D is a division subring of D containing Z 
(Theorem 24.1) and so there is an integer re such that 
N(x) contains q’© elements. It is easy to see that the 
normaliser of x in D* is just the set of non-zero elements 
of N(x) and so consists of g"©—1 elements. It follows that 
the class C consists of (q"—1)/(q’°—1) elements; and since 
this number is of course an integer we deduce that re 15 
a factor of ἢ. 

We are now in a position to establish Wedderburn’s 
important theorem on finite division rings. 


THEOREM 24.2. Every finite division ring is a field. 


Proof. Let D be a finite division ring, with centre Ζ. 
Suppose Z has g elements and D has 4" elements. We 
want to prove that every element of D commutes with 
every other element, i.e., that D = Ζ andn = 1. 

We split up the multiplicative group D* into its con- 
jugate classes. Each element of Z forms a conjugate class 


Τ L.F.G., § 29. 
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by itself; suppose there are, in addition, classes C,, ..., 
C, each containing more than oneelement, Then, as we saw 
above, corresponding to each class C; there is a factor r; 
of n such that C; consists of (g"—1)/(q"—1) elements, 
and of course r;<. Hence, counting up the elements in the 
various classes, we obtain 


k n 
q"-1=q-1+ > # . (24.1) 


Fic. 8 


Now the th cyclotomic polynomial ®, in P(Q) is a 
factor of X"—1 and of each polynomial (X"—1)/(X"—1) 
for which r, is a factor of ἢ less than, Let a be the integer 
we obtain on substituting the integer q in the polynomial 
®, (which has integer coefficients by Theorem 21.2). Then 
a is a factor of g"—1 and of each term (q"—1)/(¢g"—1) 
in the summation on the right of (24.1), Hence ἃ is a 
factor of g—1. 

If n>1, then for every primitive nth root of unity ¢ 
in the field of complex numbers C we have |q—¢ |>q-1 
(see fig. 8). Hence |a|=]]|q—¢|>q—1 (where the 
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product is extended over all the primitive roots of unity), 
and hence a cannot be a factor of g—1. 

It follows that there are no classes C; containing more 
than one element. Hence ἢ = 1 and D = Z, as required. 


§ 25. Ruler-and-compasses constructions. Among the 
problems which were studied by the geometers of antiquity 
were three which achieved great notoriety and which even 
to this day attract attention from enthusiastic, but mis- 
guided, amateur mathematicians. These problems are: 
first, that of trisecting an arbitrary given angle; second, 
that of constructing a cube whose volume is double that 
of a given cube (“ duplication of the cube”); third, that 
of constructing a square whose area is equal to that of a 
given circle (“squaring the circle’’). In each case the 
only tools allowed are the traditional geometrical instru- 
ments—ruler and compasses. We shall show in this 
section that these three problems are insolvable. 

First we must make quite precise what we mean by a 
κε ruler-and-compasses construction”. So we consider the 
Euclidean plane and recall from elementary coordinate 
geometry that if we specify in this plane two straight lines 
at right angles meeting at a point O and also a point 1 
on one of those lines then we can set up a Cartesian 
coordinate system in the plane by taking O as origin and 
I to be the point (1, 0). Let @ be a collection of points 
in this plane, including O and 1; intuitively we think of 
the points in #@ as “ given” or “ known” points from 
which to start our construction. The points in this collec- 
tion B will be called basic points. 

Then a ruler-and-compasses construction based on # is 
a finite sequence of operations of the following types: 


(1) drawing a straight line through two points which 
are either basic points or points previously constructed 
in the sequence of operations; 


150 INTRODUCTION TO FIELD THEORY § 25 


(2) drawing a circle with centre at a basic point or a 
point previously constructed, and with radius equal to 
the distance between two points, each of which is either 
a basic point or a point previously constructed; 


(3) marking the points of intersection of (@) pairs of 
straight lines, (Ὁ) pairs of circles, (c) straight lines and 
circles constructed in (1) and (2). 


Any point P which is obtained by an operation of 
type (3) in a ruler-and-compasses construction based on 
B is said to be constructible from 93. If B consists of the 
points O and J and no others, we simply say that P is 
constructible. 

The coordinates of the points of # in the Cartesian 
coordinate system introduced into the plane by means of 
O and 1 are real numbers; let B be the subfield of the real 
number field R obtained by adjoining all these coordinates 
to the rational number field Q. (Of course, if O and / 
are the only basic points, we have B = Q.) 

Let now P be any point of the plane with coordinates 
(x, #) in the coordinate system determined by O and /. 
The subfield of R obtained by adjoining « and f to B 
will be denoted by B(P). We now proceed to give, in 
terms of this subfield of R, a necessary condition that the 
point P be constructible from &. 


THEOREM 25.1. Jf the point P is constructible from 2, 
then the degree of B(P) over B is a power of 2. 


Proof. Let P;, P2, ..., P, = P be the sequence of points 
obtained by operations of type (3) in a ruler-and-compasses 
construction of P from 4; we may suppose that P, is one 
of the basic points. Let (α,, B;) be the coordinates of 
PG = 1. «5 

Let K be the subfield of R obtained by adjoining to B 
the coordinates of P,, ..., P,; we shall show that the 
degree of K over B is a power of 2. The desired result 
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concerning B(P) will then follow at once, since B(P) is 
a subfield of K and hence (B(P): B) is a factor of (K: B). 
We proceed by induction on n, 

If m = 1 we have K = B(P,), and since P, is a basic 
point we have B(P,) = B; thus (K: B) = 1 = 2”. 

Now suppose we have established that if Κι... is the 
subfield of R obtained by adjoining to B the coordinates 
of Py, ..., Py; then (Κι. κι: B) is a power of 2. 

It follows from elementary coordinate geometry that 
if P, and P, are distinct points (1S/, jsk—1) then the 
straight line λμ joining them is represented by a linear 
equation with coefficients in K,-,, namely 


(a; —a,)(y —B;) = (B; -B (x -αὐ. 
Similarly, if P, and P, are distinct points and P, is any 
point (I<r, 5, <k—1), the circle },, with centre P, and 
radius equal to the distance between P, and P, is represented 
by a quadratic equation with coefficients in K,-,, namely 


(x-a,)? +(v—-B,)” = Cs ee ) +(B,—-B,)’. (25.1) 


Let Καὶ, be the subfield of R obtained by adjoining to B 
the coordinates of P;, ..., P,; then of course K, may also 
be obtained by adjoining to K,-, the coordinates of P,. 

If P, is obtained from P,, ..., Py-, by an operation of 
type 3(a), i.e., if it is the point of intersection of two lines 
like 2,,, then its coordinates are obtained by solving 
simultaneously two linear equations with coefficients in 
P,_,. It follows that the coordinates of P, lie in Ky-,; 
thus Κι = K,-, and so (K,: B) = (K,-1: B) is a power 
of 2. 

Next suppose P, is obtained from P,, ..., Py-1 by an 
operation of type 3(c), i.e., that P, is one of the points of 
intersection of a line like λ.) and a circle like },. In this 
case the coordinates of P, are obtained by solving sim- 
ultaneously a linear and a quadratic equation with 
coefficients in K,.,. We recall from elementary algebra 


L 
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the procedure adopted for solving such a pair of equations: 
we use the linear equation to express one of the unknowns 
—say y—in terms of the other, and substitute this expression 
in the quadratic equation; we thus obtain a quadratic 
equation for x with coefficients in K,_,. The roots of this 
equation, one of which is αι, lie either in K,_, itself or in 
an extension L of degree 2 over K,_,; since f, is expressed 
linearly in terms of o, with coefficients in K,_,, it follows 
that βι also lies either in Κι... or in L. Thus (Κι: K,-;) 
is either 1 or 2, and hence (Κι: B) is a power of 2. 

Finally, suppose P, is obtained by an operation of type 
3(b), i.e., that P, is one of the points of intersection of 
two circles like δὲ, Then the coordinates of P, are obtained 
by solving simultaneously two quadratic equations of type 
(25.1) with coefficients in K,_,. But the simultaneous 
solutions of two such quadratic equations are precisely 
the same as the simultaneous solutions of one of them 
and the linear equation obtained by subtracting the 
quadratics. ‘The discussion of the previous paragraph 
shows that in this case also (K,: B) is a power of 2. 

This completes the induction and the theorem is 
established. 


We can now dispose of two of the problems of antiquity 
mentioned at the beginning of the section. First of all 
it is easy to see that the “ duplication of the cube” is 
equivalent to the construction from the basic points O 
and J of the point (a, 0), where ἃ is the real number such 
that αὖ = 2, Since the polynomial X°—2 is irreducible 
in P(Q) (δ 10, Example 1), the field Q(a«) has degree 3 
over ὦ and hence, since 3 is not a power of 2, the point 
(a, 0) is not constructible from O and 1, Next, “ squaring 
the circle” is equivalent to the construction (again from 
the two basic points O and J) of the point (.  π, 0), where 
m (for the first time in this book) denotes the ratio of the 
circumference of a circle to its diameter. But in 1882 


| 
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Lindemann proved that z is not algebraic over the field of 
rational numbers.t Hence (Q(z): Q) is not even finite, 
far less a power of 2. It follows that (Q(,/z): Q) is not a 
power of 2 and hence (,/7, 0) is not constructible. 

In order to give a sufficient condition for the con- 
structibility of a point from # we must recall informally 
some of the ruler-and-compasses constructions of elementary 
Euclidean geometry. We shall not go into great detail 
over these, leaving it to the reader, if he feels inclined, to 
express the constructions formally as sequences of opera- 
tions of our three types. 

First of all, it is easy to see how one may construct 
from O and J for every integer m and every non-zero integer 
n the point with coordinates (m/n, 0). Namely, we mark 
n+1 points Po = O, P;, ..., P, on the Y-axis such that 
P,P, = O17 = 0, 1, ..., n—1); we join P, to J and 
draw through P, a line parallel to P,J meeting the X-axis 
in Q; then Q is the point. (1/n, 0) and it is then a simple 
matter to obtain the points (m/n, 0) for all integers m (see 
fig. 9). 7 
Next, if P is any point in @ with coordinates (ζ, ἡ), 
it is an easy matter to construct from @ the points with 
coordinates (€, 0) and (η, 0). 

Now suppose we have constructed from 935 the points 
A = (a, 0) and B= (δ, 0). Simple constructions allow 
us to obtain the points (a, δ), (a+b, 0), (a—b, 0); we shall 
not take space to describe them. The construction of 
(ab, 0) is perhaps a little less familiar: namely;-mark B’ 
on the Y-axis such that OB' = OB; join JB’ and draw a 
line through A parallel to JB’ meeting the Y-axis in C’; 
mark C on the X-axis such that OC = OC’, taking C on 
the positive axis if a and b have like sign and on the negative 
axis if a and δ have unlike sign; then a simple argument 
using similar triangles shows that C = (ab, 0) (see fig. 10). 
Similarly, if b is non-zero, we can construct (a/b, 0). 

tT Niven, Irrational Numbers, Chapter 9. 
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This discussion shows first that all the points with 
coordinates in the basic field B can be constructed from 4 
| and then that if the point 
with coordinates (a, 0) is 
constructible from 99 so also 
are all the points with co- 
ordinates in the field B(x). 
But if « is positive and 
the point D with coordinates 
(a, 0) is constructible from 
% there is also a ruler-and- 
compasses construction 
which yields the point 
(,/a,0). We mark D, tothe 
right of 1 such that JD, = 
OD;"draw a circle on OD, 
as diameter, cutting the 


Ps 


P, 


L Fic, 9 


ordinate through 1 at B; mark C on the X-axis such that 
OC = IB. Then C is the point (,/«, 0) (see fig. 11). 
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We are now ready to give a sufficient condition for 
constructibility. 


THEOREM 25.2. Let P be a point in the plane. If the 
field B(P) has a sequence of subfields B(P) = K,, Ky—4, «+. 
Κι, Ko = B such that Καὶ, contains 
Κι. and(K,: K,.,)=2(i=1,..., 7), 
then the point P is constructible from 
B. 


Proof. We proceed by induction 
on ἢ. 

If Ξῷ Ὁ then B(P) = B. Hence 
P is constructible from # according 
to the preceding discussion. 

Now let K be a field which has 
a sequence of subfields K = K,, 
Κι. νον, Ky, Ko = B such that Καὶ, 


Fic. 10 


contains K;_, and (K;: K;_,) = 2(i = 1, ...,k) and suppose 
we have established that every point with coordinates in K,_; 
is constructible from 93. 

Since (Κι: Κι...) = 2, it follows that if B is any element 
of K, which does not lie in K,_, then K, = K,_,(f). 
Suppose the minimum polynomial of B over K,_, is 
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X7*4+aX+b = (X+4a)’?+(b—4a’*). If we set ἃ = f+4a 
we have αὖ = 4a”—b=0; thus αὖ is a positive element of 
K,-1 and clearly K, = K,- ,(B) = Κι... 1(@). 
Now, since the point («?, 0) has coordinates in K,_,, 
it is constructible from @# by the inductive hypothesis. 
The discussion preceding this theorem then shows that 


Fic. 11 


(x, 0) = (+,/«?, 0) is constructible from @ and hence that 
every point with coordinates in K, is constructible from &. 

This completes the induction. 

CoroLiary. Let P be a point in the plane. If the field 
B(P) is a normal extension of B such that (B(P): B) is a 
power of 2, then the point P is constructible from &. 

Proof. Let G be the Galois group of B(P) over B; the 


order of G is a power of 2, say 2°. Then, according to 
the theory of groups of prime power order,+ G has a 


T L.F.G., § 41. 
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sequence of subgroups, G = A», A,, ..., A, = {e}, each 
normal and of index 2 in the preceding. It follows from 
Theorem 16.3 that B(P) has a sequence of subfields 
B(P) = K,, K,-1, ..., Ko = B each of degree 2 over the 
next. Hence P is constructible from 4 by Theorem 25.2. 


Let now AOI be a given angle: set cos 40] = a, 
cos $AOI =a. Once AOI is given, the point J with 
coordinates (a, 0) is easily constructed. The problem of 
trisecting the angle 40] is now clearly equivalent to that 
of constructing the point (a, 0) from the basic set @ = 
{O, I,J}. The basic field B in this case is the simple extension 
Q(a) of Q. 

Since for every angle @ we have 

cos 30 = 4 οος 6—3 cos 0, 


it follows that « is a root of the polynomial f = 4Χ3--3Χ-- ἃ 
with coefficients in B. If this polynomial f is reducible in 
P(B) then the degree (B(a): B) is either 1 or 2 and hence 
(x, 0) is constructible from @ by Theorem 25.2. But if f 
is irreducible in P(B), then (B(a): B) = 3 and so Theorem 
25.1 shows that (α, 0) is not constructible from F. 

These remarks show that the angle AO/ can be trisected 
by a ruler-and-compasses construction if and only if the 
polynomial 4X°—3X—a is reducible in P(Q(a)). For 
example, a right angle can be trisected by ruler and 
compasses, but an angle of 60° cannot. 

Another type of construction problem which interested 
the Greeks was that of constructing regular polygons 
using ruler-and-compasses constructions. Euclid gave 
such constructions for an equilateral triangle, a square, 
a regular pentagon, a regular hexagon and a regular 
polygon of fifteen sides. We shall now determine for 
which positive integers n regular n-sided figures can be 
constructed by ruler-and-compasses constructions. The 
basic points for this investigation will be simply O and /, 
and the basic field B is thus the field of rational numbers Q. 
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Let ὁ, be the angle subtended at the centre of a circle 
by one side of a regular n-sided figure inscribed in it. 
Then it is clear that the problem of constructing a regular 
polygon of ἡ sides, JA,A,...A,—, is equivalent to that of 
constructing the point C, with coordinates (cos @,, 0) (see 
fig. 12). 


Ay 
Fic, 12 


We remark that if @ is any angle such that (cos 0, 0) 
is constructible, then (sin 0, 0) is also constructible, and 
hence so are (cos k@, 0) and (sin k@, 0) for all integers k. 
Hence, if (cos 0, 0) and (cos ¢, 0) are constructible, then 
so are (cos (r?+s@), 0) for all integers r and s. 

Now let 7 and 7 be integers such that a regular polygon 
of mn sides is constructible. Then (cos @,,,, 0) is con- 
structible, and hence, since 6, = m0,,, and 6,, = n6,,,, 
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the points (cos 0,, 0) and (cos 0,,, 0) are constructible; 
thus regular polygons of n and m sides are constructible. 

Conversely, suppose that regular polygons of m and n 
sides are constructible, where m and ἢ are relatively prime. 
Then there are integers r and s such that rm+sn = 1, 
whence r0,+50,, = On. Since (cos 6,, 0) and (cos 0,,, 0) 
are constructible, so is (cos 0,,,, 0) and hence a regular 
polygon of mn sides is constructible. 


THEOREM 25.3, A regular polygon of n sides can be 
constructed by a ruler-and-compasses construction if and 
only if n = 2*p,...p, where k is any non-negative integer 
and p,, ..., p, are distinct prime numbers of the form 22" +1. 


Proof. (1) Suppose that a regular polygon of n sides 
is constructible. 

Let m = pj'...p§* be the expression of n as a product of 
powers of distinct primes. Then, according to the remarks 
preceding the theorem, regular polygons of p‘/ sides are 
constructible (j = 1, ..., 5). Ifq is any one of these prime 
powers pj/, it follows that (cos 0,, 0) is constructible and 
hence, according to Theorem 25,1, the degree (Q(cos 8,): 9) 
is a power of 2. 

Now let ὥς = exp (i0,); ¢, is a primitive qth root of 
unity in the complex number field. Further, 


(+6, ' =2cos0,, | 


so ζῳ --( cos θ,)ζ, Ε1 Ξ Ο; hence (Q(f,): Q(cos 0,)) is 
either 1 or 2. It follows that (Q(¢,): Q) is a power of 2. 
According to Theorem 22.3, 


(Q(C,): Q) = $(q) = $(p}') = pi’ (pj—1). 
Since Pj *(p;—1) is a power of 2, there are only two 
possibilities: either p; = 2 and Κ᾽ is unrestricted, or k j=l 


and p;—1 is a power of 2. Now we consider the integers 
of the form 2*+1, and show that if « is not itself a power 
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of 2 then 2*+1 is not a prime number. For suppose 
α = Apt, where 2 is an odd number; then X*+1 is divisible 
by X+1 and hence (2")*+1 = 2*%+1 is divisible by 2"+1. 

Thus, if 1 = p*'...p** and a regular polygon of » sides 
is constructible, then the prime power factors of m are 
either 2", with & unrestricted, or else single prime numbers 
of the form 27"+1. 

(2) Conversely, suppose 7 is a product of such prime 
power factors. 

For each factor q = μ᾿" we see that ¢(q) is a power of 2 
and hence (Q(¢,): Q) is a power of 2. Now Q(¢,) is a 
separable normal extension of Q, and its Galois group, 
which is isomorphic to the group of relatively prime 
residue classes modulo g (Theorem 22.3), is abelian; thus 
all the subgroups of the Galois group are normal and hence 
all the subfields of Q(¢,) are normal extensions of Q, by 
Theorem 16.3. 7 

In particular, Q (cos @,) is a normal extension of Q 
whose degree over Q is a power of 2. It follows from the 
Corollary to Theorem 25.2 that (cos 0,, 0) is constructible. 
Hence each regular polygon of pj’ sides is constructible 
and so a regular polygon of n sides is constructible. 


The prime numbers of the form 2°"+1 are called 
Fermat primes; the only known Fermat primes are 3, 5, 
17, 257 and 65537. 


§ 26. Solution by radicals. Throughout this section we 
consider only fields of characteristic zero. 

Let F be a field of characteristic zero; a field £ contain- 
ing F is said to be an extension of F by radicals if there 
exists a sequence of subfields F = Ep, Εἰ, ...ν £,-1, Ε, = £ 
such that for i = 0, ..., r—1, E;4, = Ea;), where αἱ is 
a root of an irreducible polynomial in P(E;) of the form 
X"™—a,. If 8 an extension of F by radicals, the elements 
of £ can thus be obtained from those of F by means of the 
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field operations together with the extraction of n,;th roots 
(i = 1, ..., 7). A polynomial f in P(F) is said to be solvable 
by radicals if there exists a splitting field of f over F which 
is contained in an extension of F by radicals. We shall 
establish in Theorems 26.4 and 26.5 a necessary and 
sufficient condition that a polynomial be solvable by 
radicals, 
We begin with a number of preliminary results. 


THEOREM 26.1. Let F be a field of characteristic zero, 
K a normal extension of F containing F with an abelian 
Galois group. If (K: F) = n and the polynomial k, = X"—e 
splits completely in P(F), then K is an extension of F by 
radicals. 


Proof. Let Ο be the abelian Galois group of K over F. 
According to the theory of abelian groups,t G may be 
expressed as a direct product of cyclic groups, say 


Ο - BK wun ΧΖ,. 


For i= 0, ..., γὙ- set G, = Z,x...xZ,_;, and [εἰ G, 
be the subgroup of G consisting of the identity element 
alone; then G;,, is a normal subgroup of G, with factor 
group isomorphic to the cyclic group Z,_; (i = 0, 
r—1). 

Let Εἰ, be the subfield of KX left fixed by Οἱ, (i = 0, ..., r). 
According to the Corollary to Theorem 16.3, F;,,; is a 
normal extension of E; with cyclic Galois group, isomorphic 
to Z,.,(i= 0, ..., r—1). Since the degree ἡ, of E;,, 
over £; is a factor of n, and k,, splits completely in P(F)— 
and hence in P(E,;)—it follows that k,, splits completely 
in P(E;). So we may apply Theorem 23.2 and deduce 
that E;,, = Εἰ(αὺ where «; is a root of an irreducible 
polynomial in P(E,) of the form X"—a; (i = 0, ..., r—1). 

Thus Κὶ is an extension of F by radicals, as asserted. 


T L.F.G., § 43. 
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THEOREM 26.2. Let F be a field of characteristic zero. 
For every positive integer n, the polynomial k, = X"—e in 
P(F) is solvable by radicals. 


Proof. We proceed by induction on 7. 

If nm = 1, F is itself a splitting field for k, over F; since 
F is also an extension of F by radicals, the required result 
follows at once. 

Now suppose we have established for all integers / 
less than m that the polynomial Κι is solvable by radicals. 

Let Καὶ, be a splitting field of k,, over F containing F; 
if (K,,: F) =r we may deduce from Theorem 21.1 that 
r<@(m)<m. According to the inductive hypothesis, there 
is a splitting field K, of k, over F which is contained in an 
extension E of F by radicals. According to Theorem 12.3 
we may assume without loss of generality that E is contained 
in the same algebraic closure C of F as K,,; then we may 
form the compositum L = E(K,,) of E and K,, in C. 
The relations between the fields involved in this argument 
are illustrated in fig. 13. 

Theorem 18.3 shows that Z is a separable normal 
extension of Εἰ and that the Galois group H of L over FE 
is isomorphic to a subgroup of the Galois group of K,, 
over F. Hence H is abelian (by Theorem 21.1). It follows 
also that the degree s of L over E is a factor of r = (K,,: F). 
Since k, splits completely in P(E), so too does k,. Thus 
we may apply Theorem 26.1 and deduce that Z is an 
extension of E by radicals. Since Ε is already an extension 
of F by radicals it follows that Z is also an extension of 
F by radicals, and hence k,, is solvable by radicals. 

This completes the induction. 

Let G be a finite group, with identity element ¢; G is 
said to be a solvable group if there exists a sequence of 
subgroups 

G = Gy, G;,..., G,.4, G, = {8}; (26.1) 
such that for i = 1, ..., 5, ΟἹ, is a normal subgroup of G,_, 


§ 26 APPLICATIONS 163 


with an abelian factor group. It is clear at once that all 
abelian groups are solvable. Since each of the abelian 
factor groups in (26.1) is isomorphic to a direct product 
of cyclic groups of prime power order and each of these 
cyclic groups has a sequence of subgroups each normal 
and of prime index in the preceding, we may insert additional 
subgroups in the sequence (26.1) and obtain a sequence of 


FIG, 13 


subgroups, each normal in the preceding and such that the 
factor groups are cyclic and of prime order. Thus solvable 
groups as we have defined them coincide with the “ soluble” 
groups of L.F.G.t; we note for future reference that for 
n>4 the symmetric group S, on ἢ digits is not solvable. 

We now note two elementary properties of solvable 
groups. 

THEOREM 26,3. All the subgroups and all the epimorphic 
images of a solvable group are solvable. 


Τ §37, Definition 6. 
t L.F.G.,, § 38, Corollary 2 of Theorem 13. 
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Proof. Let G be a solvable group and let 
Gs Gp; σι, seg G, = {e} 
be a sequence of subgroups of G, each normal in the 
preceding and such that all the factor groups G,/G;,, 
are abelian (i = 0, ..., s—1). 
(1) First let H be a subgroup of G. Set H; = HOG; 
(i = 0, ..., 5) and consider the sequence of subgroups of #7: 


H = Hy, Η,, κακῷ HA, = {e}. 


It is easy to verify that each of these subgroups is norma! 
in the preceding. Since 


Hix, = HONG.) = ΗΟ σι ει = ΗΟ ει 


it follows that the factor group H,/H;., may be expressed 
as H,/H;,.\G;, and hence is isomorphic to HG; + 1/G;+ it 
Since H,G;,,/G;,, is a subgroup of the abelian group 
G,/G;4,, we see that all the factor groups H,/H;,, are 
abelian. Hence H is a solvable group, as asserted. 

(2) Now let ¢ be an epimorphism of G onto a group 
α΄. If we set G;=¢(G, (i=0, ..., s) we obtain a 
sequence of subgroups of G’: 


G' = δὲ, Gj, ..., Οἱ = {6}. 


Clearly each of these subgroups is normal in the preceding. 
In order to show that the factor groups Gj/Gj., are all 
abelian, we define mappings ¢; of Gj/G,,, into Gj/Gj+, 
as follows. Let C be a coset of G; relative to G,;,,; if 
τ is any element of C we define ¢7(C) to be the coset of 
φ(τ) relative to Gj,,. It is easily verified that $j(C) does 
not depend upon the choice of the element t from C, 
and that #* is an epimorphism of G,/G;,, onto Gj/Gj+,. 
It follows that the factor groups G;/G;,, are all abelian; 
so G’ is solvable, as we claimed. 
+t L.F.G., § 36 
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We are now ready to establish a criterion for a poly- 
nomial to be solvable by radicals. 


THEOREM 26.4. Let F be a field of characteristic zero. 
If a polynomial f in P(F) has a splitting field over F with 
a solvable Galois group, then f is solvable by radicals. 


Proof. Let K be a splitting field of f over F containing 
F, with solvable Galois group G. 

If G has order n, let K, be a splitting field of k, = ¥"—e 
over F; according to Theorem 26.2, K, is contained in 
an extension of F by radicals, E say. We may assume 
without loss of generality that E is contained in the same 
algebraic closure C of F as K (see Theorem 12.3). Thus 
we may form the compositum L = E(K) of E and K in C. 
According to Theorem 18.3, ZL is a separable normal 
extension of E whose Galois group H is isomorphic to a 
certain subgroup of G; thus Η is solvable, by Theorem 
26.3. Let 

Η = Ho, Ay, ..., H, = {e} 


be a sequence of subgroups of H, each normal in the 
preceding, such that the factor groups H,/H;,, are all 
abelian (i = 0, ..., s—1). 

Let L; be the subfield of L left fixed by H; (i = 0, ..., s); 
then, according to the Corollary of Theorem 16.3, L;4, 
is a normal extension of Z; whose Galois group is iso- 
morphic to the abelian group H;/H,.,; (i = 0, ..., s—1). 
Since the degree n; = (L;,,: L,) is a factor of (L: ΕἾ and 
hence of (K: F) = n, and since the polynomial k, splits 
completely in P(£), it follows that k,, also splits completely 
in P(E) and a fortiori in P(L,;). Thus we may apply Theorem 
26.1 and deduce that L;,, is an extension of L; by radicals 
(i = 0, ..., 5-1). Hence, since E is an extension of F by 
radicals, it follows that Z is an extension of F by radicals. 

Thus f is solvable by radicals. 


We now show that the sufficient condition which we 
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have just established for a polynomial to be solvable by 
radicals is also a necessary condition. 


THEOREM 26.5. Let F be a field of characteristic zero, 
If the polynomial f in P(F) is solvable by radicals, then the 
Galois group of any splitting field of f over F is solvable. 


Proof. Let K be a splitting field of f over F, contained 
in an extension of F by radicals, E say. Then there is a 
sequence of subfields of £, 


F = Ey, Ei... B. = E, 


such that £,,, = E,a;), where α, is a root of a polynomial 
X" —a,, irreducible in P(E) (i = 0, ..., γ-- 1). 

Set = MoM,...m,-, and let K, be a splitting field of 
k, = X"—e over F, which we may assume as usual to lie 
in the same algebraic closure A of F as E. We form the 
compositum K,(£) and the normal closure N of this com- 
positum over F in A; let G be the Galois group of N 
over F. 

The field N has a sequence of subfields 


N ? K,(E,), K,(E, ἘΞ ιν)» vey KE 1)s K, (Ep) ἜΣ Κι, F (26.2) 


each contained in the preceding (see fig. 14). Let G, be 
the subgroup of G which leaves K,(£,) fixed (i = 0, ..., r). 
Since n, is a factor of m and k, splits completely in P(K,) 
it follows that k,, splits completely in P(K,) and hence in 
P(K,{E)). Thus K,(E;+1) = (K,(Z))(@,) is a splitting field 
of X"—a, over K,(E)). It follows from Theorem 23.3 
that K,(E;,) is a normal extension of K,(Z;) with a cyclic 
Galois group (i= 0, ..., r—1). We deduce from the 
Corollary to Theorem 16.3 that G;,, is a normal subgroup 
of G, and that the factor group G,/G;., is cyclic (¢ = 0, 
wy f—1). 

We now examine the sequence of subfields of K which 
we obtain by taking the intersections of K with the fields 
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in the sequence (26.2): 
K = EnK(£,), KAK(£,.;), ...; KOK (E,) = EAK,, £. 


(26.3) 
Since K is a normal extension of F, the subgroup G of G 
A 
t 
KE) 
E= £, KnkK,(E,) = Καὶ 
| K,(E,~4) | 
ee μϑρέδηρνν.. 
Ey = KOK,(E, -1) 
| | 7 
; KAE)) 
E | KnK,(E,) 
| K,(E) = Κι, | 
Se it ee 
Eo ing Kak, 
Fic, 14 


which leaves K fixed is a normal subgroup of G and the 

factor group Γ = G/G is isomorphic to the Galois group 

of Καὶ over F. (All this follows from Theorem 16.3.) Since 

G is a normal subgroup of G, the subgroup of G generated 
M 


168 INTRODUCTION TO FIELD THEORY § 27 


by G and the subgroup G; is the product GG; (i = 0, ..., r).t 
Hence, according to Theorem 18.2, the sequence of sub- 
groups of G corresponding to the sequence (26.3) of 
subfields of K is 


G = GG., 6σ. ς...., GGo, Ὁ. (26.4) 


_ Since G;,, is a normal subgroup of G; it follows easily 
that GGi+ 1 is a normal subgroup of GG; (i = 0, ..., r—1). 
Now consider the mapping ¢; of G,/G;.., into σαι σι, ει 
defined as follows: from each coset C of G; relative to 
G;,, choose an element τ and define ¢,(C) to be the coset 
of τ relative to GG;,,. It is easy to verify that $,(C) 
does not eae on the choice of τ from C, and that ¢, 
is an epimorphism of the cyclic group G,/G onto 
GG,/OG, .1,, Welch io therefore alo οὐδ ω Ἢ Ed, 
The subgroup GGy of G leaves the subfield KnK, fixed; 
since G and Gp are both normal subgroups of G, so also 
is GGo. The factor group G/GGp is isomorphic to the 
Galois group of KnK, over F and hence is abelian, since 
KoK,, is a subfield of the cyclotomic extension K, of F. 
Thus all the factor groups in the sequence (26.4) are 
abelian. 

Finally, let ἡ be the epimorphism of G onto G/G = Γ 
which assigns to every element of G its coset relative to 
G. Applying this epimorphism to the sequence (26.4), we 
obtain the sequence 

{e} = n(GG,), n(GG,_ 1); tony (GG), Γ, (26.5) 
The arguments of Theorem 26.3, part (2), show that each 
of the subgroups in (26.5) is normal in the next and that 


the factor groups are all abelian. 
Thus Γ is a solvable group, as we asserted. 


§ 27. Generic polynomials, In this section, as in the 
preceding, we consider only fields of characteristic zero. 


+ L.FG., 88 17 and 36. 
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Let F be a subfield of a field E. A set {Xy, ..., Xf 
consisting of n elements of E is said to be algebraically 
independent over F if there are no polynomial relations 
with coefficients in F connecting the elements x;, ..., X,. 
More precisely, if we write x for the ordered n-tuple 
(x,, ...» X,) we may say that the set {x,, ..., x,} is algebraically 
independent over F if the only polynomial f in P,(F) such 
that σ,( [) = 0 is the zero polynomial. Thus, for example, 
if E is any field containing the mth order polynomial ring 
PF) = F[X,, ..., X,], the set {X;, ..., X,} is algebraically 
independent over F. 

If now {x;, ---; X,} is a subset of a field Εἰ algebraically 
independent over the subfield F of £, the polynomial 

Jn = X"—X,X"-14-x,X""-72-...4+(—1)"*, 

in P(F(x)) is called a generic polynomial of degree m over F. 
So a generic polynomial over F is one which has no poly- 
nomial relations with coefficients in F connecting its 
coefficients; thus we may think of it roughly as a “ proto- 
type” for the polynomials with coefficients in F, which 
can all be obtained from it on replacing the coefficients x,, 
νει X, by elements of F. 

One of the problems which interested the classical 
algebraists was that of obtaining “formule” for the 
roots of generic polynomials. By a “formula” they 
meant what we should describe in modern terminology as 
an element of an extension by radicals of the field F(x)— 
that is to say, an element of some extension field of F(x) 
which can be derived from the elements of F and the 
coefficients x,, ..., X, by means of the field operations 
and the extraction of roots. As every schoolboy knows, 
the classical algebraists solved their problem in the case 
of generic polynomials of degree 2: the roots of 

9, = X*—x,X4+X2 
are 
4(x, + (xj —4x2)*) and 40x, - (xf —4x2)*). 
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They solved it also in the case of generic polynomials of 
degrees 3 and 4.7 But they failed to find formule for the 
roots of generic polynomials of degree 5 or higher. 

We shall now show that this failure was inevitable; 
we shall prove, in fact, that generic polynomials of degree 
greater than 4 are not solvable by radicals. According to 
Theorem 26.5, this result will follow if we can establish 
that for n>4 the Galois group of any splitting field of a 
generic polynomial g, is not solvable. So we proceed 
first to determine the Galois group of a splitting field of 
a generic polynomial. 

THEOREM 27.1. Letg, = X"—x,X"~'+...+(—1)"x, be 
a generic polynomial of degree n over a field F of character- 
istic zero. Then the Galois group of any splitting field of 
4, over F(x,, .... X,) = F(x) is isomorphic to the symmetric 
group on n digits. 


Proof. Let K be a splitting field for g, over F(x); we 
may assume that K contains F(x). Let «,, ..., %, be the 
roots of g, in K; then g, splits completely in P(K) in the 
form 

8, = X"—x,X" '+...4(-1)"x, 
= (X~—a,)(X—a2)...(X—%)s 
from which we deduce that 
Ny, = Oto n+... +, 
Ny = 0%, $y Og +... FH, 1%, 


Ay = 1 0>...0,. 
We now define elements δι. ..., 6, of F(x) by setting 
e; = Ne Xeth a FX, 
δ᾽) = ΧΙ ΧΙ ἘΧΙΧΑΤ... ἜΛΧ, yXp 
Cy = Δ) Χ 2... Χ0» 
+ Turnbull, Theory of Equations, Chapters 1X and X. 


RSS σ«ᾳᾳᾳῇᾳπΦὸᾷὶ 
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and we write e = (e€;, ..., e,). (In the terminology of 
Turnbull, Theory of Equations, § 28, the elements x; are 
the elementary symmetric functions of αἰ, ..., ἂν and the 
elements e; are the elementary symmetric functions of x,, 
ey X,-) We claim that the set {e,, ..., e,} is algebraically 
independent over F. So suppose there is a polynomial f 
in PF) such that of f)=0. If f=Za,,Xi...X', 
with a;,;, in F, let f * be the polynomial 


Σαιι ΣΧ". (Xy...X 


then clearly ox f*)=cei(f)=0. Now, since the set 
{X1, +++) X,} is algebraically independent over F, each 
element w of the polynomial ring F[x] = F[xy, ..., x,] 
can be expressed in exactly one way in the form 

w=Eb, εΧχἰλου χῆν 


Ε1 ..«ἔῃ 


so we may define a mapping ¢ οἵ F[x] into Καὶ by setting 
GW) = Φ(Σ δι... XHt Me) = ED, ge 


for every element w of F[x], and it is easy to verify that 
@ is a homomorphism. Hence ¢(¢,(f*)) = 0; but 
b(o,(f*)) = o(f*) =0,(f). Thus o,(f) =0 and so f 
is the zero polynomial; thus {e;, ..., e,} is algebraically 
independent over F. 

According to Theorem 8.1, every element of F(x) can 
be expressed in the form o,(p)/o,(q) where p and gq are 
polynomials in P,(F) and q is not the zero polynomial. 
If q is not the zero polynomial, it follows from the algebraic 
independence of {e,, ..., e,} over F that o,(q) is non-zero: 
so we may form the element o,(p)/o,(q) of F(e,, ..., e,)= Fle). 
Further, it is easy to verify that if o,(p)/o,(q) = o,(p’)/o,(q’), 
then o,(p)/o.(q) = o(p')/c-(q'). Hence we may define a 
mapping t of F(x) into F(e) by setting 


τίσ, (ρ)σ,(4)) = σ,(ρ)!σ, (4) 
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for every element o,(p)/o,(q) of F(x). It is easily seen 
that t is an isomorphism of F(x) onto F(e). 

Let tp be the canonical extension of t to the polynomial 
ring P(F(x)); then we have 


tp(g,) = X"—e,X""'+e,X"-?—...4(—1)"e,. 
The polynomial tp,(g,) splits completely in P(F(x))— 


namely, 

Tp(G,) = (X—xX,)(X—X)...(X¥—,). 
It follows that F(x) is a splitting field for tp(g,,) over F(e). 
According to Theorem 11.2, there exists an extension of t 
which maps XK isomorphically onto F(x). Hence, by 
Theorem 16.4, the Galois group of K over F(x) is isomorphic 
to the Galois group of F(x) over F(e). 

This latter Galois group, however, is clearly isomorphic 
to the symmetric group on n digits. First of all, every 
element of the Galois group must effect a permutation of 
the roots x,, ..., ἃ, Of tp(g,), and no two distinct auto- 
morphisms effect the same permutation; but, conversely, 
since the set {x,, ..., x,} is algebraically independent over 
F, every permutation of x,, ..., x, induces an automorphism 
of F(x) which clearly leaves F(e) fixed. This one-to-one 
correspondence between permutations and automorphisms 
is easily seen to be an isomorphism of the symmetric group 
S,, onto the Galois group. 

This completes the proof. 


The result which we announced just before stating 
the theorem now follows at once. For, if we recall the 
remark in § 26 that S, is not solvable when n>4, it follows 
that for any splitting field of g, (n>4), the Galois group 
is not solvable. Appealing to Theorem 26.5 we obtain 
our final theorem. 


THEOREM 27.2. Generic polynomials of degree greater 
than 4 are not solvable by radicals. 


Finis coronat opus. 
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Examples IV 


1. Let F be a field of characteristic p with p” elements. 
Prove that the additive group F* of F is isomorphic to 
the direct product of n cyclic groups of order p. 


2. Let F be a finite field with g elements, K an extension 
of degree n over F. Show that there are (g"—1)/(q-1) 
elements x of K such that Nx,-(x) = e and deduce that 
the norm mapping Nx; maps K onto F. 


3. Let F be a finite field with g elements. If m is a 
positive integer relatively prime to q and K,, is a splitting 
field of X"—e over F, show that the degree (K,,: F) is the 
least positive integer ἢ such that g"—1 is divisible by m. 


4. Let F be a finite field with g elements, m a positive 
integer relatively prime to g and ®,, the mth cyclotomic 
polynomial with coefficients in the prime field of F. Show 
that ®,, is irreducible in P(F) if and only if the order of 
the residue class of gq modulo m in the group R,, is $(m). 


5. Let K be a normal separable extension of finite 
degree over a subfield F. If f is a mapping of the Galois 
group G into the multiplicative group K* of non-zero 
elements of K such that 


I(g) . o f(x) = στ) 
for all pairs of elements σ, τ of G, prove that there exists 
an element a of K* such that f(¢) = a/o(a) for all elements 
σ of G. [By Theorem 14.1 the mapping ¢ = Σ᾽ f(p).p 


is not the zero mapping of K into K; take a = $(b) where 
b is any element of K such that (4) is non-zero.] Deduce 
Hilbert’s Theorem 90 in the case where K is a cyclic 
extension of F. 


6. Let F be a field of characteristic zero such that 
X"—e splits completely in P(F). Let K = F(x) be a cyclic 
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extension of degree n over Κι where ἃ is a root of the 
irreducible polynomial X"—a@ in P(F). Show that an 
element f of K is a root of an irreducible polynomial 
of the form X"—b in P(F) if and only if Bf = cx" where r 
is an integer and ὁ is an element of ἢ, 


7. Let F be a field of characteristic p, Καὶ = F(a) a 
cyclic extension of degree p over F, where ἃ is a root of 
the irreducible polynomial ΧΡ -- X¥—a in P(F). Show that 
an element βὶ of K is a root of a polynomial ¥’—X—b 
in P(F) if and only if 8 = Κατ ἃ where k is an integer and 
dis an element of F. 


8. Let Καὶ = Q() be the subfield of C generated over Q 
by adjoining the complex number ἢ = cos $x+i sin $2. 
Show that K is a normal extension of degree 4 over Q 
with cyclic Galois group generated by the automorphism 
which maps ἢ onto η΄. Prove that K has a unique subfield 
E of degree 2 over Q and that ἔ = n+n*, & = η τη" 
form a normal basis for E over Q. Find the minimum 
polynomials of €, ἢ over Q, E respectively and hence 
express ἢ in terms of radicals. 
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R+, additive group of the ring R, 7 

R, field of real numbers, 4 

R,,, group of relatively prime residue classes modulo m, 5 

R(F), field of rational functions with coefficients in F, 37 

Sgyp(x), reduced trace of x from E to F, 124 

Sp; εἰ), trace of x from E to F, 110 

S,, Symmetric group on ἡ digits, 163 

a, substitution homomorphism, 32 

Tp, sag extension to the polynomial ring of a field monomorphism 
Ty 

¢(m), the number of residue classes modulo m which are relatively 
prime to m, 131 

(7), the subfield of K left fixed by the subgroup H of the Galois 
group of K over F, 100 

?,,, the mth cyclotomic polynomial, 133 

¢, zero homomorphism, 14 

2, ring of integers, 4 

Z,, ring of residue classes of integers modulo m, 5 
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Act like identity, 86 Characteristic zero, 10 
Addition, 1 Characteristic p, 11 
Additive group of a ring, 6 Closure 
Adjoining, 46 Algebraic closure, 67 
Algebraic Normal closure, 92 
Algebraic closure, 67 Relative algebraic closure, 52 
Algebraic element, 50 Commutative 
Algebraic extension, 51 Commutative diagram, 34 


Algebraic numbers, 53 
Relative algebraic closure, 52 
Algebraically closed 
Definition, 67 
Relatively algebraically closed, 
52 


Algebraically independent, 169 

Annihilator, 10 

Associative, | 

Automorphism 
Automorphism group, 86 
Definition, 14 
F-automorphism, 86 
Identity automorphism, 15 


Basic points, 149 
Basis 
Definition, 23 
Normal basis, 118 


Canonical extension (rp of r), 35 
Canonical monomorphism 

of P(F) into R(F), 38 

of R into P(R), 28 
Centre, 146 


Commutative law of composi- 
tion, 1 
Commutative ring, 3 
Commute, | 
Composition, law of, 1 
Compositum, 115 
Congruent 
Integers, 4 
Polynomials, 136 
Conjugate, 97 
Constant polynomial, 29 
Constructible, 150 
Construction, ruler-and-com- 
passes, 149 
Content, 134 
Cyclic extension, 139 
Cyclotomic 
Cyclotomic extension, 130 
Cyclotomic polynomial, 133 


Degree 
of field extension, 42 
of polynomial, 29 
Derivative, 31 
Dimension, 21 
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Distributive, 2 

Divisible, 30 

Division ring, 145 

Divisor, greatest common, 31 


Epimorphism, 14 

Extension 
Algebraic extension, 51 
Cyclic extension, 139 
Cyclotomic extension, 130 
Definition, 41 
Degree, 42 
Extension by radicals, 160 
Finite extension, 42 
Infinite extension, 42 
Norma! extension, 89 
Separable extension, 72 
Simple extension, 47 
Transcendental extension, 51 


F-automorphism, 86 
F-isomorphism, 86 
F-monomorphism, 86 
Factor 
Definition, 30 
Highest common factor, 31 
Fermat prime, 160 
Field 
Definition, 4 
Finite field, 4 
Fixed field, 86 
Galois field, 128 
Infinite field, 4 
Perfect field, 72 
Prime field, 11 
Skew field, 145 
Splitting field, 61 
Finite 
Finite extension, 42 
Finite field, 4 
Fixed field, 86 


Galois field, 128 
Galois group, 100 
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Generating system, 22 
Generic polynomial, 169 
Greatest common divisor, 31 
Group 
Abelian group, 2 
Additive group of a ring, 6 
Automorphism group, 86 
Definition, 2 
Galois group, 100 
Multiplicative group of a divi- 
sion ring, 146 
Multiplicative group of a field, 
9 


Solvable group, 162 


Highest common factor, 31 
Homomorphism 
Definition, 13 
Substitution homomorphism, 32 
Zero homomorphism, 14 


Identifying, 28 
Identity automorphism, 15 
Identity element, 2 
Image (of a mapping), 13 
Inclusion monomorphism, 41 
Infinite 
Infinite extension, 42 
Infinite field, 4 
Inseparable, 72 
Integral multiples, 10 
Inverse, 2 
Irreducible polynomial, 30 
Isomorphism 
Definition, 14 
F-isomorphism, 86 


Kernel, 16 


Law of composition, 1 
Leading coefficient, 30 
Leave fixed, 86 
Linear 
Linear combination, 20 
Linear dependence, 21 
Linear independence, 21 


INDEX 179 
Linear Polynomial! 
Linear polynomials, 29 Generic polynomial, 169 
ae Irreducible polynomial, 30 
Mapping 


Definition, 13 
Equal mappings, 13 
Image of a mapping, 13 
One-to-one mapping, 13 
Onto, 13 
Minimum polynomial, 50 
Monic polynomial, 30 
Monomorphism 
Canonical monomorphism of 
P(F)into R(F), 38 
Canonical monomorphism of 
R into P(R), 28 
Definition, 14 
F-monomorphism, 86 
Inclusion monomorphism, 41 
Multiple, 30 
Multiplication, 1 
Multiplicative group 
of a division ring, 146 
of a field, 9 
Multiplicity, 70 


Neutral element, | 
Norm 
Definition, 110 
Reduced norm, 124 
Normal 
Normal basis, 118 
Normal closure, 92 
Norma! extension, 89 
Normaliser, 146 


One-to-one mapping, 13 
Onto, 13 


Perfect field, 72 

Polynomial 
Constant polynomial, 29 
Cyclotomic polynomial, 133 
Definition, 29 
Derivative, 31 


Linear polynomial, 29 

Minimum polynomial, 50 

Monic polynomial, 30 

nth order polynomial, 35 

Polynomial in «, 32 

Primitive polynomial, 134 

Relatively prime polynomials 

31 

Separable polynomial, 7] 
Prime 

Prime field, 11 

Prime subfield, 12 
Primitive 

Primitive element, 113 

Primitive polynomial, 134 

Primitive root of unity, 130 
Product, 1 


Quotient, 31 


Radicals 
Extension by radicals, 160 
Solvable by radicals, 161 
Rational functions, 38 
Reduced 
Reduced norm, 124 
Reduced trace, 124 
Relative algebraic closure, 52 
Relatively algebraically closed, 52 
Relatively prime 
Relatively prime integers, 5 
Relatively prime polynomials, 
31 


Relatively prime residue class, 5 
Remainder, 31 
Repeated root, 70 
Residue class 

Definition, 4 

Relatively prime residue class, 5 
Ring 

Commutative ring, 3 
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Division ring, 145 Prime subfield, 12 
Ring with identity, 3 Subfield generated by a subset, 
Root 46 
Definition, 33 Subring 
Repeated root, 70 Definition, 11 
Root of unity Division subring, 145 ‘ 
Definition, 130 Substituting, 32 
_ Primitive root of unity, 130 Substitution homomorphism, 32 | 
Ruler-and-compasses construc- Sum, 1 . Ἵ 
tion, 149 
Trace | 
Separable Definition, 110 | 
Separable element, 72 Reduced trace, 124 | 
Separable extension, 72 Transcendental 
, i as bt aaa 7 Transcendental element, 50 
Simple extension, Transcendental extension, 51 
Skew field, 145 — 
Solvable 
Polynomialsolvable by radicals, Vector space, 19 Ἵ 
161] 
Solvable group, 162 Zero 
Split completely, 61 Zero element, 1 ] 
Splitting field, 61 Zero homomorphism, 14 
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